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Abstract
Relativistic Quantum Mechanics on Non-commutative
Spaces
P.H. Williams
Department of Physics,
University of Stellenbosch,
Private Bag X1, Matieland 7602, South Africa.
Thesis: MSc in Physics
December 2015
A brief review of non-relativistic and relativistic quantum mechanics is car-
ried out, with particular attention to concepts that are modiﬁed in the non-
commutative setting. The Hilbert-Schmidt operator formulation of non-relativ-
istic, non-commutative quantum mechanics is generalized to the relativis-
tic setting of 4-dimensional non-commutative space-time. The generators of
Lorentz transformations are derived in this formalism and compared with the
commutative case. It is shown that the non-interacting, non-commutative
Dirac equation is Lorentz invariant. Lorentz invariance can be maintained
when electromagnetic interactions are included provided that the gauge and
Dirac ﬁelds are composed through an appropriate star product. The appropri-
ate gauge transformations for the non-commutative Dirac equation are found.
The non-commutative C, P, T symmetries of the interacting Dirac equation
are investigated. The free Dirac equation and the interacting Dirac equation
for the case of a constant background magnetic ﬁeld are studied on the opera-
tor level. Systems conﬁned to a speciﬁc space-time volume, and the associated
boundary conditions, are studied using appropriate projection operators. As
a speciﬁc example the Dirac equation in an inﬁnitely long cylinder is consid-
ered. An operator valued action, which yields the interacting Dirac equation
as the equation of motion, is derived and evaluated in a coherent state ba-
sis. The constant background magnetic ﬁeld is revisited in the coherent state
basis. This establishes the link to the standard star product formulation of
non-commutative quantum ﬁeld theories. Useful properties of the star product
are derived in an appendix.
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Uittreksel
Relatiwistiese Kwantummeganika op Non-commutatieve
Ruimtes
(Relativistic Quantum Mechanics on Non-commutative Spaces)
P.H. Williams
Departement Fisika,
Universiteit van Stellenbosch,
Privaatsak X1, Matieland 7602, Suid Afrika.
Tesis: MSc in Fisika
Desember 2015
'n Kort hersiening van nie-relatiwistiese kwantummeganika op nie-kommutatie-
we ruimtes word gedoen, met die fokus op konsepte wat verander in die nie-
kommutatiewe raamwerk. Die Hilbert-Schmidt operator formulering van nie-
relatiwistiese, nie-kommutatiewe kwantummeganika word veralgemeen na die
relatiwistiese raamwerk van 4-dimensionele nie-kommutatiewe ruimte-tyd. Die
generatore van Lorentz transformasies word herlei in hierdie fomulering en
word vergelyk met die kommutatiewe geval. Dit word aangetoon dat die vrye
nie-kommutatiewe Dirac vergelyking Lorentz invariant is. Lorentz invariansie
kan behou word, in die teenwoordigheid van elektromagnetiese wisselwerkings,
as die yk en Dirac velde met die gepaste ster produck saamgestel word. Die
regte yk transformasies van die nie-kommutatiewe Dirac vergelyking word ge-
vind. Die nie-kommutatiewe C, P, T simmetrieë van die Dirac vergelyking
met wisselwerkings word ondersoek. Die vrye Dirac vergelyking en die Dirac
vergelyking 'n konstante agtergrond magneetveld word opgelos op die operator
vlak. Stelsels beperk tot 'n spesiﬁeke ruimte-tyd volume, en die geassosieerde
randvoorwaardes, word bestudeer met gepaste projeksie operatore. Die Di-
rac vergelyking in 'n oneindig lang silinder word as 'n eksplisiete toepassing
aangebied. 'n Operator aksie wat die Dirac vergelyking met wisselwerkings as
bewegingvergelyking lewer, is gevind en in 'n koherentetoestand basis geëvalu-
eer. Die geval van 'n konstante agtergrond magneetveld is in die koherentetoe-
stand basis herondersoek. Dit vestig 'n verband met die standaard ster produk
formulering van nie-kommutatiewe kwantumveldeteorieë. Nuttige eienskappe
van die ster produk word in 'n bylaag herlei.
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Chapter 1
Introduction
In this thesis we formalize and investigate relativistic quantum mechanics on
non-commutative space. Before we begin we must justify this inquiry. Also it
is necessary to review commutative relativistic quantum mechanics in order to
understand the parallels between this and non-commutative theories. We also
review non-relativistic non-commutative quantum mechanics, which guides us
in our formulation.
1.1 Motivation and Aim
It is now generally accepted that a consistent theory of quantum gravity will
require a modiﬁcation of the notion of space-time at the Planck scale [1].
The notion of space-time as a ﬂat Minkowski space should break down [2]
at these length scales, as any attempt to localize events at a scale shorter
than the Planck length will lead to gravitation instability. One such modi-
ﬁcation, to build in this minimum length scale, is that of non-commutative
space-time. Non-commutativity is not a new idea [3], and has also emerged
from some string theory constructions [4]. Even though there have been many
investigations into the possible physical implications of non-commutativity in
quantum mechanics and quantum many body systems [5], [6], [7], [8], [9], [10]
quantum electrodynamics [11], [12], [13], the standard model [14] and cosmol-
ogy [15], [16], a comprehensive understanding of the physical implications of
non-commutativity is still lacking, mainly due to a lack of a systematic frame-
work for non-commutative quantum mechanics. Recently, this shortcoming
was addressed in two [17] and three dimensional systems [18], which has made
headway into a systematic understanding of non-commutative physics, but
a relativistic framework is still lacking. Nevertheless there have been stud-
ies of non-commutative ﬁeld theories [19], [20], [21]. But to gain a deeper
understanding of the physics of non-commutative ﬁeld theories a systematic
consistent framework is required. In this thesis we aim to begin this process,
by formalizing relativistic quantum mechanics on non-commutative spaces.
1
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In particular we would like to study the Dirac equation on such spaces and
speciﬁcally we would like to:
 Generalize the formulation of non-relativistic quantum mechanics on
non-commutative spaces to the relativistic case;
 Study the Lorentz symmetry of the Dirac equation and address the issue
of the restoration of Lorentz invariance, with interactions included;
 Solve the Dirac equation and study the dispersion relation, for the free
case and the case of a simple interaction;
 Study the Dirac equation conﬁned to a region of non-commutative space-
time;
 Derive an abstract action for the non-commutative Dirac equation on
the operator level.
1.2 Commutative Quantum Mechanics
In this section we review commutative quantum mechanics to prepare for the
modiﬁed formulation on non-commutative space. We use natural units and
set c = ~ = 1. A good reference is [22] for commutative quantum mechanics.
To start we a need a Hilbert space, a complete inner product vector space,
H. On this Hilbert space we have an inner product (·, ·) : H⊗H → C. Linear
functionals F are deﬁned as a linear map F : H → C. The space of linear
functionals denoted by H∗ is also a Hilbert space, called the dual space of
H. Rieze's theorem says there is one to one correspondence between linear
functionals and vectors in the Hilbert space such that (φ, ψ) = Fφ(ψ). We can
then use the Dirac bra-ket notion where we denote vectors in H by ψ ≡ |ψ〉
and linear functionals by Fφ ≡ 〈φ| and then 〈φ|ψ〉 ≡ (φ, ψ). Also we can deﬁne
operators on the Hilbert space Aˆ : H → H and since we have an inner product,
the adjoint is also deﬁned (φ, Aˆψ) = (Aˆ†φ, ψ). In Dirac notation Aˆ |ψ〉 ∈ H
and 〈φ| Aˆ = 〈A†φ|. The object |ψ〉 〈φ|, called the outer product, can easily
be seen to be on operator, (|ψ〉 〈φ|) |ξ〉 = (φ, ξ) |ψ〉. Hermitian (self-adjoint)
operators have the property A = A†, and eigenstates A |a〉 = a |a〉 which are
a complete basis for the Hilbert space. From the spectral theorem we know
A =
∫
da a |a〉 〈a|.
The vectors in φ ∈ H represent the physical states of the system and we
therefore refer to them as states. The correspondence principle says that to
every physical observable there corresponds a linear hermitian operator. Thus
the observable position x has an hermitian operator xˆ and momentum p has pˆ.
The uncertainty principle says ∆x∆p > 1
2
, and using the uncertainty relation
(the general form can be found in [23]) this condition becomes [xi, pj] = iδij.
Since we have no restriction on position or momentum [xi, xj] = [pi, pj] = 0.
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In other words xˆi, pˆi satisfy the Heisenberg algebra, which is their deﬁning
property. A key element, therefore, in the quantization of a classical system is
to ﬁnd a unitary representation of the Heisenberg algebra on the Hilbert space
H.
1.2.1 Non-relativistic Quantum Mechanics
The description above is not yet complete without an equation describing
dynamics. Non-relativistically this is the Schrödinger equation:
i
∂
∂t
|ψ, t〉 = Hˆ |ψ, t〉 . (1.2.1)
In the case of a particle interacting with a static electromagnetic ﬁeld the
Hamiltonian, from minimal substitution, is Hˆ = (~p−q
~A(~ˆx))2
2m
+ qV (~ˆx). This
yields the time dependent interacting Schrödinger equation:
i
∂
∂t
|ψ, t〉 = (~ˆp− q
~A(~ˆx))2
2m
+ qV (~ˆx) |ψ, t〉 . (1.2.2)
Multiply from the left by 〈~x| to express the time dependent Schrödinger equa-
tion in the position basis:
i
∂
∂t
ψ(~x, t) =
(
( ~∂x − q ~A(~x))2
2m
+ qV (~x)
)
ψ(~x, t). (1.2.3)
If the Hamiltonian is not explicitly time dependent we can separate variables
by writing ψ(x, t) = e−iEtψ(x) to obtain the time independent Schrödinger
equation:
Eψ(~x) =
(
( ~∂x − q ~A(~x))2
2m
+ qV (~x)
)
ψ(~x). (1.2.4)
This is an eigenvalue equation for functions ψ(~x). So for a particular V,A
we solve for the allowed ψ(~x), which in turn gives the physical information
i.e allowed energies and momenta. The inner product is
∫
d3xψ∗(~x)ψ(~x) and
the Hilbert space is now L2, the square integrable functions, as required for
a sensible probabilistic interpretation. ψ(~x) is a function ψ(~x) : R3 → C. R3
is called the conﬁguration space, which is also a Hilbert space, the space that
the physical system occupies. There exist states which are not in this Hilbert
space but are limit points of this space, e.g. free particle solutions. These
are known as scattering states and extra care must be taken when making a
probabilistic interpretation, however they pose no real problem.
We have a unitary representation of the Heisenberg algebra [x,−i∂x] = i
on the space L2, and from the Stone-von Neumann theorem we know this is a
unique representation upto unitary transformations.
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How do we extract the physical information from the states of a system.
Consider the case when the system is in a mixed state, i.e. the system has the
probability pi of being in a state ψi. We can then deﬁne the density matrix:
ρˆ =
∑
i
pi |ψi〉 〈ψi| . (1.2.5)
If the system is known to be in a state ψn (a pure state) then the density
matrix is simply:
ρˆ = |ψn〉 〈ψn| . (1.2.6)
The allowed values of a measurement of an observable A, represented by a
hermitian operator Aˆ are the eigenvalues an : Aˆ |an〉 = an |an〉. Then the
probability P (an) of obtaining the value an when measuring the observable A
for a system with a density matrix ρˆ is:
P (an) = 〈an| ρˆ |an〉 . (1.2.7)
The density matrix contains all the probability distributions P (·) of the pos-
sible observables. The expectation values are obtained by:
〈A〉 = Tr(ρˆAˆ). (1.2.8)
1.2.2 Relativistic Quantum Mechanics
In the relativistic case the Schrödinger equation is replaced by a diﬀerent dy-
namical equation. In the case of spinless particles the corresponding equation
is the Klein-Gordon equation, which for the free particle is given by:
(∂µ∂µ −m2)ψ(t, ~x) = 0. (1.2.9)
When electromagnetic interactions are included the corresponding equation,
obtained from minimal substitution, is given by:
((∂ − qA(xν))µ(∂ − qA(xν))µ −m2)ψ(t, ~x) = 0. (1.2.10)
A is now the real four potential. In this thesis we don't focus on this equa-
tion, since we rather want to investigate matter particles that have spin, i.e.
fermions.
The Klein-Gordon equation equation is second order in time. To obtain a
ﬁrst order equation in time and simultaneously preserve Lorentz covariance,
Dirac factorized [24] the Klein-Gordon equation, using gamma matrices, to
obtain the Dirac equation which reads for particles with spin:
(i/∂ −m)ψ(t, ~x) = 0. (1.2.11)
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When electromagnetic interactions are included the corresponding equation,
again obtained through minimal substitution, reads:
(i/∂ − q /A−m)ψ(t, ~x) = 0. (1.2.12)
These equations describe the dynamics of spin 1
2
fermions, and is the main
focus of the thesis.
Due to problematic features, such as negative norms for the solutions of
the Klein-Gordon equation and negative energies in both the Klein-Gordon
and Dirac theories, the single particle probabilistic interpretation of ψ fails.
However the charge is given by Q = e
∫
d3xψ†ψ. A proper interpretation, as
ﬁelds, can be obtained when we consider many-particle systems i.e. quantum
ﬁeld theories.
1.3 Non-commutative Non-relativistic
Quantum Mechanics
In this section we review non-commutative non-relativistic quantum, mechan-
ics speciﬁcally focusing on the two dimensional case, since the two dimensional
commutation relations are easily extended to four. In three dimensions it is
necessary to modify the commutation relations, to restore rotational symmetry
but we don't deal with this in this thesis as this can be found in [18].
As motivated earlier a minimum length should be introduced into quantum
mechanics. One way to do this, and probably the only consistent way as
compellingly argued in [2], is to adopt an uncertainty relation for coordinates.
The simplest possibility is:
∆xi∆xj >
|ijθ|
2
, (1.3.1)
where θ is related to the minimum length scale. The way to implement these
uncertainty relations is to adopt non-commutative coordinates, which in the
simplest case considered here reads:
[xi, xj] = iijθ. (1.3.2)
Once this has been done, coordinates become operators and one needs to
carefully consider how to formulate quantum mechanics on such spaces. In
[17] this problem was considered and it was shown that the standard quantum
mechanical formalism and interpretation caries over unaltered to these spaces.
The only modiﬁcation required is that one must consider more general Hilbert
spaces in which to represent the states of the system and ﬁnd the unitary rep-
resentations of the non-commutative Heisenberg algebra. Additionally, since
the coordinates do not commute and one cannot measure them simultaneously
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due to the uncertainty relations, one has to consider weak, rather then strong,
measurements when position is measured. We now proceed to review this
formalism brieﬂy as it will form the basis of later developments.
The ﬁrst step in this formalism is to ﬁnd a unitary representation of the
non-commutative coordinate algebra (1.3.2) on a Hilbert space Hc, c for con-
ﬁguration space or classical Hilbert space to distinguish it from the Hilbert
space of quantum states or quantum Hilbert space. We use the angular ket
for states in this space |n〉 ∈ Hc. For the two-dimensional non-commutative
space (1.3.2) one can identify the most natural conﬁguration space and repre-
sentation of (1.3.2) by introducing a pair of boson creation and annihilation
operators,
bˆ =
1√
2θ
(xˆ+ iyˆ), bˆ† =
1√
2θ
(xˆ− iyˆ), (1.3.3)
such that [bˆ, bˆ†] = Ic. The conﬁguration space is then simply the boson Fock
space:
Hc = span{|n!〉 = 1√
n
(b†)n |0〉}n=∞n=0 . (1.3.4)
Now our states (wave-functions) are functions of the non-commutative coordi-
nate operators ψ(xˆ1, xˆ2) ≡ ψˆ. With this in mind, the most natural choice for
the quantum Hilbert space, in which the states of the system are to be repre-
sented, is the space of Hilbert-Schmidt operators acting on the conﬁguration
space Hc, i.e.:
Hq = {ψˆ : Trc(ψˆ†ψˆ) <∞}. (1.3.5)
We use a subscript q for quantum to distinguish this from the conﬁguration
space. The ﬁnite trace condition is a generalisation of square integrability.
However we can still consider scattering theory [25], in the same way as com-
mutatively by considering functions outside this Hilbert space (free particle
solutions), these are are limits points of Hq . We use the rounded ket to repre-
sent these states ψˆ ≡ |ψ) and reserve the symbol † speciﬁcally for the adjoint
on Hc. The natural inner product on this space is:
(φˆ, ψˆ) = Trc(φˆ
†ψˆ). (1.3.6)
Once again we have linear functionals and a dual space which are deﬁned in
the same way as commutatively, but now using the trace inner product.
The next step is to introduce a unitary representation of the non-commuta-
tive Heisenberg algebra (1.3.2) on the quantum Hilbert space. For this purpose
we introduce the operators Xˆ i,Pˆ i and use capital letters to distinguish them
from (classical) operators acting on conﬁguration space. These are often called
super operators since they operate on operators. We use the symbol ‡ for the
adjoint on Hq. We can ﬁnd a unitary representation of the non-commutative
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Heisenberg algebra:
[Xˆ i, Xˆj] = iijθ,
[Xˆ i, Pˆ i] = iδij,
[Pˆ i, Pˆ i] = 0, (1.3.7)
in the following way [17]:
Xˆ iψˆ = xˆiψˆ,
Pˆ iψˆ =
1
θ
ij[xˆj, ψˆ]. (1.3.8)
The non-commutative time independent Schrödinger equation is given then,
for a free particle:
Eψˆ =
(
(Pˆ i)2
2m
)
ψˆ. (1.3.9)
Electromagnetic interactions can be introduced as in the commutative case by
minimal substitution:
Eψˆ =
(
(Pˆ i − q ~A(Xˆ i))2
2m
+ qV (Xˆ i)
)
ψˆ. (1.3.10)
The formalism outlined above is still a general operator construction. It
can be reformulated in terms of functions in a way similar to the Wigner phase
space construction of quantum mechanics using the Moyal product [26]. The
essence of this construction is to introduce an invertible map (similar to the
Wigner-Weyl transform) from operators to functions, i.e. Φ : f(xˆi) → f(xi),
e.g. the symbol that appears in chapter ﬁve or the Seiberg-Witten map [4], but
with a modiﬁed product rule, denoted by ∗, such that Φ is a homomorphism
i.e.,
Φ(f(xˆi)) ∗ Φ(g(xˆi)) = Φ(f(xˆi)g(xˆi)). (1.3.11)
A star product that implements this homomorphism in the case of the simplest
non-commutative coordinate algebra 1.3.2 is the Moyal product given by:
∗ = e i2 θij
←−
∂i
−→
∂j . (1.3.12)
The homomorphism is established by noting:
xi ∗ xj − xj ∗ xi = iijθ. (1.3.13)
Then it is possible to write only objects f which depend on the real numbers
xi, but all regular products become star products. However these commuting
coordinates cannot be interpreted as true physical coordinates and, indeed they
have no clear physical meaning. In addition it should be noted that the star
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product that implements the homomorphism is not unique, but that there are
inﬁnitely many. Another star product commonly used is the Voros product:
∗ = e i2 θij
←−
∂i
−→
∂j+ 1
2
θ
←−
∂i
−→
∂i . (1.3.14)
Mathematically these formulations are of course equivalent, but there are sub-
tle issues when it comes to the physical interpretation. A discussion of this can
be found in [27], in particular it is noted that the allowed functions that can be
composed with these products represent diﬀerent subspaces of L2. Additional
the coordinates in the Moyal functions are combinations of position and mo-
mentum observables, so are points in phase space, thus cannot be interpreted
as coordinates in position space. These issues become particular relevant when
trying to write an action or other physical quantities in some basis, in such a
way to resemble commutative physics.
The formalism of non-commutative quantum mechanics follows in the same
way as commutatively the only diﬀerence being the choice of Hilbert spaces
and, of course, the Heisenberg algebra is modiﬁed.
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Chapter 2
Relativistic Non-commutative
Quantum Mechanics
In this chapter we generalize to the relativistic case of non-commutative quan-
tum mechanics. We follow closely the 2 dimensional formulation of non-
relativistic non-commutative quantum mechanics. Once the appropriate Hil-
bert space in which the physical states of the system are to be represented has
been identiﬁed, we study the representation of the Lorentz group on this space
by computing the generators. Using these, the transformation properties of
various dynamical quantities, such as position and momenta, are computed
and the conditions under which the Dirac equation is covariant are veriﬁed.
2.1 Formulation
First we consider a four dimensional space-time, so we now have four coordi-
nate operators xˆµ and our states(wave-functions) depend on all four ψ(xˆµ) ≡ ψˆ,
which satisfy:
[xˆµ, xˆν ] = iθµν . (2.1.1)
We now have a time coordinate operator xˆ0 = tˆ. This is necessary since we
consider Lorentz transformations, which mix both space and time coordinates.
This is not unusual since when we consider commutative relativistic ﬁeld the-
ories we are forced to either elevate time to an operator or demote position
to a parameter, these are equivalent [28]. There have been claims that time
non-commutativity produces non-unitary ﬁeld theories [29]. However, it has
been shown that this was due to improper deﬁnitions of non-commutative
ﬁeld theories [30]. In this thesis we leave the form of the θ matrix general,
its only property being the obvious antisymmetry. It is likely however that
θ12 = θ13 = θ23, i.e. all the spatial dimensions have the same minimum length
scale, and also θ01 = θ02 = θ03 i.e. the time-space uncertainty is the same in
every direction as there is no reason the pick a preferential direction for the
intrinsic non-commutativity of space-time. However, if the non-commutativity
9
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arises as an eﬀective theory, e.g. quantum hall systems [38], this may not be
the case.
The conﬁguration space is the space which carries a unitary representation
of the coordinate operators. To ﬁnd an explicit construction we simplify by
performing a common coordinate transformation(also found in [31] for three
dimensions). Consider a transformation xˆµ → ˆ˜xµ such that:
[ˆ˜xµ, ˆ˜xν ] = θ˜µν =

0 0 0 θ˜03
0 0 θ˜12 0
0 −θ˜12 0 0
−θ˜03 0 0 0
 , (θ˜−1)µν =

0 0 0 − 1˜θ03
0 0 − 1˜θ12 0
0 1˜θ12 0 0
1
˜θ03
0 0 0
 .
(2.1.2)
Now there are 2 sets of non-commuting operators ˆ˜t, ˆ˜z and ˆ˜x, ˆ˜y but these two
sets commute with each other. It is now possible to deﬁne a creation and an
annihilation operator:
bˆ =
1√
2θ12
(ˆ˜x+ iˆ˜y), bˆ† =
1√
2θ12
(ˆ˜x− iˆ˜y), (2.1.3)
we can also deﬁne a second set of creation and annihilation operators:
aˆ =
1√
2θ03
(ˆ˜t+ iˆ˜z), aˆ† =
1√
2θ03
(ˆ˜t− iˆ˜z). (2.1.4)
The conﬁguration space is then simply the two boson Fock space:
Hc = span{|n,m〉 = 1√
n!m!
(a†)n(b†)m |0, 0〉}n,m=∞n,m=0 . (2.1.5)
Now that the conﬁguration space has been deﬁned, we can introduce, as
before, the notion of functions on this space. In general functions on the conﬁg-
uration space are simply the operators generated by the coordinate operators
and, since the conﬁguration space carries a representation of the coordinate
algebra, these functions (operators) act, by default, on conﬁguration space.
In the formulation of non-relativistic non-commutative quantum mechan-
ics, we have to restrict the class of functions to the class of Hilbert-Schmidt
operators in order for the standard probability interpretation of quantum me-
chanics to hold.
In relativistic quantum mechanics the standard probability interpretation
does not apply on the ﬁrst quantized level. Even in non-relativistic quantum
mechanics, one does not require square integrability with respect to integration
over time. In what follows we shall however impose the condition that the
functions we consider are Hilbert-Schmidt. Although this is not a physically
motivated requirement in the relativistic case, this condition is imposed for
technical reasons as it ensures that the mathematical manipulations we carry
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out are well deﬁned. We therefore only consider the space of functions on
conﬁguration space that are Hilbert-Schmidt i.e.:
Hq = {ψˆ : Trc(ψˆ†ψˆ) <∞}. (2.1.6)
This space can again be endowed with the standard inner product to turn
it into a Hilbert space. We use the same notation, Hq, as before to denote this
space, although it physically has a diﬀerent status. We note that the solutions
of the Dirac equation will be a spinor of Hilbert-Schmidt operators which act
on states in the conﬁguration space as follows:
ψˆ |z〉 =

ψˆ1 |z〉
ψˆ2 |z〉
ψˆ3 |z〉
ψˆ4 |z〉
 , (2.1.7)
this is the same as for commutative spinors:
ψ(x) =

ψ1(x)
ψ2(x)
ψ3(x)
ψ4(x)
 . (2.1.8)
In relativistic ﬁeld theory we do not consider the Heisenberg algebra of
coordinates and momenta as coordinates merely have the status of labels rather
then physical observables. Instead, one requires equal time (anti-)commutation
relations of the ﬁelds and their canonically conjugates.
However, to generalize the commutative Klein-Gordon and Dirac equations
to the non-commutative case, we need the notion of a derivative of a function,
which now has to be deﬁned in a purely algebraic fashion.
Algebraically the operation with all the properties of a derivative is com-
mutation. We therefore deﬁne the derivative of a functions as follows:
∂ˆµψˆ = −i(θ−1)µν
[
xˆν , ψˆ
]
. (2.1.9)
The formal correspondence of this deﬁnition with a derivative also follows by
noting from the well known identity [A, f(B)] = cf ′(B) if [A,B] = cI, that
(2.1.9) formally amounts to taking the operator derivative ∂
∂xˆµ
.
From the Jacobi identity it follows that the derivatives commute as usual.
In addition the following properties are readily veriﬁed:
∂ˆµxˆρ = −i(θ−1)µνiθνρ = δµρ , (2.1.10)
from this we can see [xˆµ, ∂ˆν ] = −δµν so we know from the Stone-von Neumann
theorem this representation of the derivative is unique upto unitary transfor-
mations,
∂ˆµ(ψˆφˆ) = −i(θ−1)µν(ψˆ
[
xν , φˆ
]
+
[
xν , ψˆ
]
φˆ) = ψˆ(∂ˆµφˆ) + (∂ˆµψˆ)φˆ. (2.1.11)
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With these notations in place, the free commutative Klein-Gordon equation,
(∂ρ∂ρ +m
2)ψˆ = 0, (2.1.12)
becomes:
(θ−1)µρ(θ−1)ρν
[
xˆν ,
[
xˆµ, ψˆ
]]
+m2ψˆ = 0. (2.1.13)
Similarly the free commutative Dirac equation,
(i/∂ −m)ψˆ = 0, (2.1.14)
becomes:
γµ(θ−1)µν
[
xˆν , ψˆ
]
−mψˆ = 0. (2.1.15)
Another useful property follows if we consider the trace of a derivative of a
Hilbert Schmidt operator. Then using (2.1.6):
Tr(∂ˆµψˆ) = Tr(−i(θ−1)µν
[
xˆν , ψˆ
]
)
= −i(θ−1)µν
(
Tr(xˆνψˆ)− Tr(ψˆxˆν)
)
= −i(θ−1)µν
(
Tr(xˆνψˆ)− Tr(xˆνψˆ)
)
= 0. (2.1.16)
The commutative analogue of this is to integrate a total derivative. If the
function vanishes at inﬁnity, this integral also vanishes. This also clariﬁes the
role of the condition (2.1.6) we imposed on the functions, namely it corresponds
to the requirement that the functions we consider vanish at inﬁnity. With this
result in place we can also derive the non-commutative analogue of partial
integration:
Tr
(
(∂ˆµψˆ
†)φˆ
)
= −Tr
(
ψˆ†(∂ˆµφˆ)
)
. (2.1.17)
Note again the absence of boundary terms due to the condition (2.1.6). It
follows easily from this that i∂ˆµ is hermitian.
2.2 Lorentz Symmetry
Now that we have identiﬁed the space of operator functions and deﬁned deriva-
tives on it, we can investigate the representations of the Lorentz group car-
ried by this space. Consider an inﬁnitesimal spatial Lorentz transformation
parametrized by ωµν . Adopting the same transformation properties for the
non-commutative coordinates as for the commutative ones, we have:
xˆµ → xˆµ + ωµν xˆν . (2.2.1)
Stellenbosch University  https://scholar.sun.ac.za
CHAPTER 2. RELATIVISTIC NON-COMMUTATIVE QUANTUM
MECHANICS 13
Noting ωµαgαν = ω
µ
ν , where ω
µα is an antisymmetric tensor, in other words
the superscript is always the ﬁrst index of the tensor and the subscript al-
ways the second index of the tensor. Now consider a Lorentz scalar function
transforming:
ψ(xˆµ)→ ψ(xˆµ + ωµν xˆν). (2.2.2)
To write this as a diﬀerential operator acting on ψˆ, consider the Weyl repre-
sentation [19]:
ψˆ =
∫
d4k φ(k)eik
µxˆµ : k ∈ R. (2.2.3)
Then:
ψ(xˆµ + ωµν xˆ
ν) =
∫
d4k φ(k)eikµ(xˆ
µ+ωµν xˆ
ν)
=
∫
d4k φ(k)eikµω
µ
ν xˆ
ν
eikµxˆ
µ
e
1
2
kµkλω
λ
ν [xˆ
ν ,xˆµ]
=
∫
d4k φ(k)(1 + ikµω
µ
ν xˆ
ν)(1 +
i
2
kµkλω
λ
ν θ
νµ)eikµxˆ
µ
+O(ω2)
=
∫
d4k φ(k)(1 + ikµω
µ
ν xˆ
ν +
i
2
kµkλω
λ
ν θ
νµ)eikµxˆ
µ
+O(ω2)
=
∫
d4k φ(k)(1 + ωµν xˆ
ν ∂ˆµ − i
2
ωλν θ
νµ∂ˆµ∂ˆλ)e
ikµxˆµ .
(2.2.4)
The generators of the non-commutative Lorentz transformations are therefore
given by [32]:
Jˆω = xˆ
νωµν ∂ˆµ −
i
2
ωλν θ
νµ∂ˆµ∂ˆλ. (2.2.5)
Since:
[Jˆω, Jˆω′ ] = Jˆω×ω′ , (2.2.6)
where ω×ω′ = ωρνω′µρ−ω′ρνωµρ , this satisﬁes the standard commutation relations
of the Lorentz algebra and therefore constitute a valid representation, but in
this case on a diﬀerent Hilbert space. The commutation relations (2.2.6) are
explicitly veriﬁed in appendix (A). The coordinates transform in the expected
way, like covariant 4 vectors in commutative space:
Jˆωxˆ
µ = ωµν xˆ
ν , (2.2.7)
also ∂ˆµ transform like covariant 4 vectors since:
[Jˆω, ∂ˆ
µ] = ωµν ∂ˆ
ν . (2.2.8)
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2.3 The Free Non-commutative Dirac Equation
The free non-commutative Dirac equation is now known to be Lorentz covari-
ant since from (2.2.8) we know this has the same transformation property as
the free commutative equation, the spin transformation will be discussed in the
next chapter, however we note this remains unmodiﬁed in non-commutative
space. The form of the free equation:
(i /ˆ∂ −m)ψˆ = 0. (2.3.1)
Inserting the operator valued versions of the commutative solutions in the
non-commutative Dirac equation, for positive energy, where the χ are now
eigenvectors of σ3, with eigenvalues s = ±1:
(i /ˆ∂ −m)e−ikµxˆµ /k +m√
2m(m+ k0)
(
χs
0
)
= e−ik
µxˆµ
(/k −m)(/k +m)√
2m(m+ k0)
(
χs
0
)
= 0. (2.3.2)
This gives the same condition as in the commutative case (/k−m)(/k+m) = 0,
i.e.,
(k0)2 = E2 = ~k2 +m2. (2.3.3)
This is the desired dispersion relation. This outcome has already been obtained
for many non-commutative theories, that is the free solutions retain the same
form as commutatively and the spectrum is the same, the 2-D Schrödinger case
can be found in [17]. A diﬀerent, but also valid solution has the exponential
e−ik
0 tˆe−ik
1xˆe−ik
2yˆe−ik
3zˆ , and its various orderings are also solutions of (2.3.2)
only diﬀering by a global phase. The anti-particle solutions can also easily be
constructed, in particular via the use of the CPT transformation which will
be discussed in the next chapter.
We now have the relativistic formulation for the free particle, and it remains
to included interactions. Also we can see that for free equations there is no
physical diﬀerence between commutative space and non-commutative space.
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Chapter 3
The Non-commutative Dirac
Equation With Electromagnetic
Interactions
In this chapter we include electromagnetic interactions in the non-commutative
Dirac equation. However it turns out this is not simply a case of using the
same approach as commutatively as this breaks Lorentz symmetry. We show
that this can be rectiﬁed by the introduction of a modiﬁed composition rule
for potentials and states. Then non-commutative analogues for C,P, T op-
erations can be found and applied to the interacting equation to study the
non-commutative transformation properties. As a speciﬁc application we also
solve the Dirac equation in a constant background magnetic ﬁeld, and study
it in an approximately restricted volume.
3.1 Twisted Lorentz Symmetry
In the previous chapter we found the non-commutative generators of Lorentz
transformations. The transformation properties of the free non-commutative
Dirac equation was the same as commutatively. However, products of functions
do not transform in the same way as commutatively since:
[Jˆω, xˆ
ρ] = ωρν xˆ
ν − i
2
(θνρωµν − θνµωρν)∂ˆµ. (3.1.1)
When we introduce interactions this becomes relevant as we multiply states
with potentials. Furthermore,
Jˆωψˆφˆ = (Jˆωψˆ)φˆ+ ψˆ(Jˆωφˆ)− i
2
(θνρωµν − θνµωρν)(∂ˆµψˆ)(∂ˆρφˆ). (3.1.2)
While commutatively,
Jˆωψφ = (Jˆωψ)φ+ ψ(Jˆωφ). (3.1.3)
15
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Thus the Leibniz rule does not hold for the standard product of operator
functions. So things which were Lorentz covariant in the commutative case,
will not be in the non-commutative case if we simply multiply two functions
together. It is necessary to combine functions in a diﬀerent way to restore
Lorentz covariance. Consider products of the form:
ψˆ∗ˆφˆ where ∗ˆ = e− i2 θµν
←ˆ−
∂µ
−ˆ→
∂ν . (3.1.4)
This is similar to the ∗ star product used to combine ordinary functions to
induce non-commutativity, as discussed previously in two dimensions. However
this diﬀers by a sign and includes operator derivatives. Also this product is
introduced for a diﬀerent reason, not to induce non-commutativity, but to
preserve Lorentz symmetry, it is as if one is undoing the regular star product.
Combining functions in this way preserves Lorentz covariance as we verify in
(B).
Jˆω(ψˆ∗ˆφˆ) = (Jˆωψˆ)∗ˆφˆ+ ψˆ∗ˆ(Jˆωφˆ). (3.1.5)
Objects combined with the ∗ˆ do indeed transform in the correct way, as the Jˆω
obey a Leibniz's rule, like in commutative space. We can now write a Lorentz
covariant non-commutative version of the Dirac equation using ∗ˆ.
3.1.1 Tensor Method
A slightly diﬀerent approach to think about how to ﬁx the Lorentz invariance
of the products of operators φˆ, ψˆ is to look at the multiplication map m which
usually is:
m(φˆ⊗ ψˆ) |n〉 = φˆ(ψˆ |n〉), (3.1.6)
i.e. the usual operator product, where |n〉 is in the conﬁguration space. Then
the action of Jˆω is given by, looking at equation (3.1.2) :
Jˆωm(φˆ⊗ ψˆ) = m((Jˆωφˆ)⊗ ψˆ) +m(φˆ⊗ (Jˆωψˆ))+
i
2
(θνρωµν − θνµωρν)m((∂ˆµψˆ)⊗ (∂ˆρφˆ)))
= m((Jˆω ⊗ Iˆ+ Iˆ⊗ Jˆω + i
2
(θνρωµν − θνµωρν)(∂ˆµ ⊗ ∂ˆρ))(φˆ⊗ ψˆ)). (3.1.7)
We call this action on the tensor products the co-product, also found in [32]
and a three dimensional discussion [31]:
∆θ(Jˆω) = Jˆω ⊗ Iˆ+ Iˆ⊗ Jˆω + i
2
(θνρωµν − θνµωρν)(∂ˆµ ⊗ ∂ˆρ). (3.1.8)
This co-product is called deformed, since commutatively the co-product is:
∆0(Jˆω) = Jˆω ⊗ Iˆ+ Iˆ⊗ Jˆω. (3.1.9)
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Using this we can write:
∆θ(Jˆω) = F
†∆0(Jˆω)F, (3.1.10)
where:
F = e
i
2
θµν ∂ˆµ⊗∂ˆν . (3.1.11)
F is clearly unitary. Now in order to preserve Lorentz invariance in light of this
deformed co-product we must also deform the multiplication map m → mθ,
try:
mθ(φˆ⊗ ψˆ) = m(e− i2 θµν ∂ˆµ⊗∂ˆν (φˆ⊗ ψˆ))
= m(F †(φˆ⊗ ψˆ)). (3.1.12)
Then applying ∆θ:
Jˆωmθ(ψˆ ⊗ φˆ) = m(∆θ(Jˆω)F †(φˆ⊗ ψˆ))
= m(F †∆0(Jˆω)(φˆ⊗ ψˆ))
= mθ(∆0(Jˆω)(φˆ⊗ ψˆ)). (3.1.13)
So operators combined using mθ transform via the undeformed co-product.
However it is clearly equivalent to combine objects via mθ or ∗ˆ.
3.2 Electromagnetic Interactions
The general form of the non-commutative Dirac equation coupled to a Lorentz
covariant electro-magnetic ﬁeld is given by:
(i /ˆ∂ − q /ˆA∗ˆ −m)ψˆ = 0. (3.2.1)
Here q is the charge, and Aˆ is the real four potential i.e. Aˆ = Aˆ†, the same
choice that is made commutatively. This equation diﬀers from the commuta-
tive case since it is assumed that the Aˆ couples via the ∗ˆ product otherwise
this equation would not transform covariantly under Lorentz transformations.
This makes it technically more diﬃcult to solve this equation, in particular
some potentials will become highly non-local like 1
rˆ
, where the ∗ˆ generates
derivatives of all orders, fortunately the higher order terms become increas-
ingly small like θn. The full generators for Lorentz transformations for spinors
are given by:
Jˆω 1
2
= Sˆω + Jˆω. (3.2.2)
Where Jˆω = xˆ
νωµν ∂ˆµ− i2ωλν θνµ∂ˆµ∂ˆλ this transforms the coordinates as previously
calculated. Sω =
i
4
σµνωµν gives the spinorial transformation properties of ψˆ,
which we take to be the same as commutatively since the spinor structure
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is not changed by non-commutativity. Here σµν = i
2
[γµ, γν ]. A commutative
discussion can be found in [33]. To calculate the action of Sˆω, the following is
needed:
[ωµνσ
µν , γλ] = ωµν2i(g
λ
µγν − gλνγµ)
= 4i(ωλνγν). (3.2.3)
Transforming the Dirac equation, ﬁrst by Sˆω:
Sˆω(i /ˆ∂ − q /ˆA∗ˆ −m)ψˆ = (−iωµν γν ∂ˆµ + qωµν γνAˆµ∗ˆ)ψˆ + (i /ˆ∂ − q /ˆA∗ˆ −m)Sˆωψˆ,
(3.2.4)
and then by Jˆω:
Jˆω(i /ˆ∂ − q /ˆA∗ˆ −m)ψˆ = (iγµωνµ∂ˆν − qγµ(JˆωAˆµ)∗ˆ)ψˆ + (i /ˆ∂ − q /ˆA∗ˆ −m)Jˆωψˆ
= (iγµωνµ∂ˆν − qγµωνµAˆν ∗ˆ)ψˆ + (i /ˆ∂ − q /ˆA∗ˆ −m)Jˆωψˆ, (3.2.5)
since Aˆ transforms, by deﬁnition, like a 4-vector under coordinate transforma-
tions. Putting this together:
(Sˆω + Jˆω)(i /ˆ∂ − q /ˆA∗ˆ −m)ψˆ = (i /ˆ∂ − q /ˆA∗ˆ −m)(Sˆω + Jˆω)ψˆ. (3.2.6)
The Dirac equation is therefore covariant as it transforms in the same way as
ψˆ. Note however the Dirac operator (i /ˆ∂− q /ˆA∗ˆ−m) is Lorentz invariant. This
implies that a Lorentz transformation transforms the solutions of the Dirac
equation into each other. This provides an additional motivation for the ∗ˆ
coupling, since otherwise the action of Jˆω would have produced an additional
term as seen previously.
Some properties of ∗ˆ are listed in appendix (C). We use these often during
our calculations, in particular we note Aˆ∗ˆψˆ = ψˆ∗ˆAˆ, so the star product eﬀec-
tively makes the four potential commutative, however, as we will see later this
does not mean there are no more non-commutative eﬀects to be observed.
3.3 Gauge Symmetry
Commutatively multiplication by a unitary operator (phase) doesn't change
the inner product 〈ψ|ψ〉 and thus produces the same physics. Then the equa-
tions of motion must stay the same, which is one way to introduce the covariant
derivative into the free commutative Dirac equation. What transformation pro-
duces the same eﬀect non-commutatively, multiplication by unitary operators
will not since these transformations break Lorentz symmetry. The transfor-
mation must be of the form:
ψˆ → Uˆ ∗ˆψˆ. (3.3.1)
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What property must Uˆ have to leave the inner product invariant, try:
Uˆ †∗ˆUˆ = I. (3.3.2)
Then looking at the inner product, using (C):
Tr((ψˆ†∗ˆUˆ †)(Uˆ ∗ˆψ)) = Tr((ψˆ†∗ˆUˆ †)∗ˆ(Uˆ ∗ˆψ))
= Tr(ψˆ†∗ˆ((Uˆ †∗ˆUˆ)∗ˆψ))
= Tr(ψˆ†∗ˆ(Iq∗ˆψ))
= Tr(ψˆ†∗ˆψ)
= Tr(ψˆ†ψ). (3.3.3)
This indeed leaves the inner product unchanged but Uˆ has a modiﬁed unitarity
condition, which involves ∗ˆ instead of regular operator multiplication. Com-
mutatively the Aµ also transforms to leave the Dirac equation invariant. Now
what gauge transformation must Aˆµ undergo to leave the non-commutative
Dirac equation invariant. Try:
/ˆA→ Uˆ ∗ˆ /ˆA∗ˆUˆ † + 1
q
i(/∂Uˆ)∗ˆUˆ †. (3.3.4)
Now simultaneously transforming ψˆ and /ˆA the Dirac equation becomes:
(i /ˆ∂ − q(Uˆ ∗ˆ /ˆA∗ˆUˆ † + 1
q
i(/∂Uˆ)∗ˆUˆ †)∗ˆ −m)Uˆ ∗ˆψˆ = 0
=⇒ (i /ˆ∂Uˆ)∗ˆψˆ + Uˆ ∗ˆ(i /ˆ∂ψˆ)− qUˆ ∗ˆ /ˆA∗ˆUˆ †∗ˆUˆ ∗ˆψˆ − i(/∂Uˆ)∗ˆUˆ †∗ˆUˆ ∗ˆψˆ −mUˆ ∗ˆψˆ = 0
=⇒ Uˆ ∗ˆ((i /ˆ∂ − q /ˆA∗ˆ −m)ψˆ) = 0
=⇒ (i /ˆ∂ − q /ˆA∗ˆ −m)ψˆ = 0. (3.3.5)
This is a proper gauge transformation, however, not with unitary matrices but
matrices that satisfy the modiﬁed condition (3.3.2).
3.4 Discrete Symmetries
We now consider the discrete Symmetries of the non-commutative Dirac equa-
tion, comparing to the commutative case. A commutative discussion can be
found in [24]. A non-commutative discussion in the phase-space like formula-
tion can be found in [34].
3.4.1 Parity
Commutatively the spatial parity transformation Pˆ (0), is xi → −xi and x0 →
x0. The full Parity transformation for spinors is Pˆ = γ0Pˆ (0). We use the same
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operator in the non-commutative case. For the free equation,
Pˆ (i /ˆ∂ψ(xˆ, tˆ)) = Pˆ (−iγµ(θ−1)µν
[
xˆν , ψ(xˆ, tˆ)
]
). (3.4.1)
We can readily check what happens to iθµν = [xˆµ, xˆν ] under the Pˆ (0) transfor-
mation,
0 θ01 θ02 θ03
−θ01 0 θ12 θ13
−θ02 −θ12 0 θ23
−θ03 −θ13 −θ23 0
→

0 −θ01 −θ02 −θ03
θ01 0 θ12 θ13
θ02 −θ12 0 θ23
θ03 −θ13 −θ23 0
 , (3.4.2)
then for the inverse of theta (θ−1)µν ,
c

0 −θ23 θ13 −θ12
θ23 0 −θ03 θ02
−θ13 θ03 0 −θ01
θ12 −θ02 θ01 0
→ c

0 θ23 −θ13 θ12
−θ23 0 −θ03 θ02
θ13 θ03 0 −θ01
−θ12 −θ02 θ01 0
 , (3.4.3)
where c = 1
θ01θ23−θ02θ13+θ03θ12 .
Pˆ (i /ˆ∂ψ(xˆ, tˆ))) = γ0
(
− i(iγ0)(−(θ−1)0i)
[−xˆi, ψ(−ˆx, tˆ)]+
i(iγi)(θ−1)ij
[−xˆj, ψ(−ˆx, tˆ)]+ i(iγi)(−(θ−1)i0) [xˆ0, ψ(−ˆx, tˆ)] )
= γ0(−i(iγ0)(θ−1)0ν
[
xˆν , ψ(−ˆx, tˆ)]+ i(iγi)(θ−1)iν [xˆν , ψ(−ˆx, tˆ)])
= (γ0iγ0∂ˆ0 − γ0iγi∂ˆi)ψ(−ˆx, tˆ)
= i /ˆ∂γ0ψ(−ˆx, tˆ))
= i /ˆ∂Pˆ ψˆ. (3.4.4)
We have that [ /ˆ∂, Pˆ ] = 0, parity is conserved in the free case. So we can label
free states by their parity eigenvalues, even or odd, just like in commutative
space. For interactions,
Pˆ (−e /A(xˆ, tˆ)∗ˆψ(xˆ, tˆ)) = −γ0e /A(−xˆ, tˆ)(Pˆ (0)∗ˆ)ψ(−xˆ, tˆ)
= γ0(−e /A(−xˆ, tˆ)e−
i
2
(
(−θ0i)←ˆ−∂0(−−ˆ→∂i)+(−θi0)(−←ˆ−∂i)−ˆ→∂0+θij(−←ˆ−∂i)(−−ˆ→∂j)
)
ψ(−xˆ, tˆ))
= −e(γ0A0(−xˆ, tˆ)− γiAi(−xˆ, tˆ))∗ˆγ0ψ(−xˆ, tˆ) (3.4.5)
this is exactly the same transformation as in the commutative case. So if we
map any parity invariant gauge potential in commutative space A to Aˆ in
non-commutative space this will be parity invariant.
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3.4.2 Charge Conjugation
Charge conjugation takes us from q → −q. Commutatively the spatial charge
conjugation transform was produced by complex conjugation Kˆ(0)ψ = ψ∗, the
transformation for spinors is given by Cˆ = iγ2Kˆ(0). The non-commutative
analogue of complex conjugation, is the adjoint † on the conﬁguration space.
However, we cannot simply take † since we do not want to take the adjoint
of the spinors, but only the adjoint of each component. Let Kˆ0 = ΘˆIˆ4, where
Θˆφˆ = φˆ†, note Θˆ∂ˆµΘ−1 = ∂ˆµ. Then ΘˆIˆ4

φˆ1
φˆ2
χˆ1
χˆ2
 =

ˆ
φ†1
ˆ
φ†2
ˆ
χ†1
ˆ
χ†2
 for now we will
denote this by ψˆ†(x, y), and Θˆ2 = Iˆc.
Cˆ(i /ˆ∂ψ(xˆ, tˆ)) = iγ2(−i(γµ)∗∂ˆµψ†(xˆ, tˆ))
= (i /ˆ∂(iγ2)ψ†(xˆ, tˆ))
= i /ˆ∂Cˆψ. (3.4.6)
We have that [ /ˆ∂, Cˆ] = 0, this is same transformation as in commutative space.
Like in commutative space, non-commutative free particles and antiparticles
evolve in the same way. For interactions:
Cˆ(−e /A(xˆ, tˆ)∗ˆψ(xˆ, tˆ)) = +eγρ(iγ2)(Aρ(xˆ, tˆ)∗ˆψ(xˆ, tˆ))†
= +eγρ(iγ2)
∞∑
n=1
1
n!
(
i
2
θµν)n((∂ˆν)
nψˆ)†((∂ˆµ)nAˆρ)†
= +eγρ(iγ2)ψ†(xˆ, tˆ)∗ˆA†ρ(xˆ, tˆ)
= +eγρA†ρ(xˆ, tˆ)∗ˆ(iγ2)ψ†(xˆ, tˆ), (3.4.7)
this is the same transformation as in the commutative case but only because
of the inclusion of ∗ˆ. Just like in the commutative case Cˆ gives the solutions
that satisfy the Dirac equation with a diﬀerent sign for charge but with Aˆ†
instead of A∗.
3.4.3 Time Reversal
Commutatively the time reﬂection transformation is Tˆ (0)ψ(x, t) = ψ(x,−t),
where temporal time reversal is given by, Kˆ(0)Tˆ (0)ψ(x, t) = ψ∗(x,−t). The full
transformation for spinors is Tˆ = iγ1γ3Kˆ(0)Tˆ (0). Non-commutatively we take
Tˆ = iγ1γ3ΘˆIˆ4Tˆ (0). iθµν = [xˆµ, xˆν ] undergoes the same transformation as in
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the case of Pˆ (0) since [xˆ0,−xˆi] = [−xˆ0, xˆi].
Tˆ (i /ˆ∂ψ(xˆ, tˆ)) = iγ1γ3
(
− i(iγ0)∗(−(θ−1)0i)
[
xˆi, ψ†(xˆ, −ˆt)]+
i(iγi)∗(θ−1)ij
[
xˆj, ψ†(−ˆx, tˆ)]+ i(iγi)∗(−(θ−1)i0) [−xˆ0, ψ†(xˆ, −ˆt)] )
= iγ1γ3(iγ0∂ˆ0 − i(γi)∗∂ˆi)ψ†(xˆ, −ˆt)
= i /ˆ∂(iγ1γ3)ψ†(xˆ, −ˆt) (3.4.8)
= i /ˆ∂Tˆ ψˆ (3.4.9)
We have that [ /ˆ∂, Tˆ ] = 0, in the free case. For interactions,
Tˆ (−e /A(xˆ, tˆ)∗ˆψ(xˆ, tˆ)) = −e(γ0A†0(xˆ,−tˆ)− γiA†i (xˆ,−tˆ))∗ˆ(iγ1γ3)ψ†(xˆ,−tˆ).
(3.4.10)
This is again of the same form as commutatively, so if we map a time reversal
invariant A to Aˆ this will also be invariant.
3.4.4 CPT
The non-commutative CPT transformation is given by ĈPT = iγ5Pˆ (0)Tˆ (0) =
−γ2γ0γ1γ3Pˆ (0)Tˆ (0). From the above results we can see ĈPT symmetry is
conserved in the non-commutative setting, if we consider non-commutative
potentials Aˆ that are mapped from CPT invariant commutative potentials A.
We note that ĈPT symmetry is also conserved for potentials which are not
multiplied with ∗ˆ, these are in general not Lorentz invariant, since ĈPT doesn't
involve a Θˆ, however these types of potentials will break C, T individually, but
of course, the combined CT is still conserved.
3.5 Constant Background Magnetic Field
Now that we have the interacting non-commutative equation, let us solve it
for the simple case of a constant background magnetic ﬁeld.
3.5.1 Solutions
For the case of a constant background non-commutative magnetic ﬁeld in +z
direction we choose the gauge potential
Aˆµ =

0
−yˆB
0
0
 . (3.5.1)
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This is inspired by the form of the commutative potential since in the limit
when θ goes to zero we should recover this. Putting this into (3.2.1) and
calculating the ∗ˆ contribution gives:
(i /ˆ∂ − γ1Bq(xˆ2 − i
2
θ2µ∂ˆµ)−m)ψˆ = 0. (3.5.2)
We can see one additional θ term is generated, because the potential was only
linear. Setting ψˆ =
(
φˆ
χˆ
)
gives two equations for the electron and positron
components,
(−iσj ∂ˆj + σ1(Bqyˆ −Bq i
2
θ2µ∂ˆµ))χˆ = (i∂ˆ0 −m)φˆ, (3.5.3)
(−iσj ∂ˆj + σ1(Bqyˆ −Bq i
2
θ2µ∂ˆµ))φˆ = (i∂ˆ0 +m)χˆ. (3.5.4)
Solving for one of the spinors:
(−iσj ∂ˆj + σ1(Bqyˆ −Bq i
2
θ2µ∂ˆµ))
2φˆ = (−∂ˆ02 −m2)φˆ. (3.5.5)
Multiplying out the square:
(−∂ˆj2 + (Bq i
2
θ2µ∂ˆµ)
2 + (Bqyˆ)2 − {σ1, σj}(iBqyˆ∂j +Bq1
2
θ2µ∂ˆµ∂j)
− [yˆ, ∂j]iBqσjσ1 − (Bq)2yˆiθ2µ∂ˆµ)φˆ = (−∂ˆ02 −m2)φˆ. (3.5.6)
Making use of the anti commutation relations of the σ matrices:
(−∂ˆj2 − (Bq1
2
θ2µ∂ˆµ)
2 + (Bqyˆ)2 − 2(iBqyˆ∂1 +Bq1
2
θ2µ∂ˆµ∂1)
−Bqσ3 − (Bq)2yˆiθ2µ∂ˆµ)φˆ = (−∂ˆ02 −m2)φˆ. (3.5.7)
Setting φˆ = ˆ˜φe−ik
0 tˆ+ik1xˆ1+ik3xˆ3 , i.e. the plane wave solution in the x− z plane,
and noting θ22 = 0 gives:
(−∂ˆ22 + (k3)2 −Bqσ3 + (Bqyˆ + k1 −Bq1
2
θ2µkµ)
2) ˆ˜φ = ((k0)2 −m2) ˆ˜φ. (3.5.8)
We could have also chosen the ordering φˆ = e−ik
0 tˆ+ik1xˆ1+ik3xˆ3 ˆ˜φ, then moving the
exponentials all the way to left produces a shift yˆ → yˆ+θµ2kµ. So the equation
for this ˆ˜φ is the same but the sign of the θ terms changes. These solutions are
both valid but with the same energy. Now pick ˆ˜φ to be eigenvectors of σ3,
φˆ+ =
(
F+(yˆ)
0
)
, φˆ− =
(
0
F−(yˆ)
)
. (3.5.9)
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The equation then becomes:
(−∂ˆ22 + (k3)2 ∓Bq + (Bqy + k1 −Bq1
2
θ2µkµ)
2)F±(yˆ) = ((k0)2 +m2)F±(yˆ).
(3.5.10)
The magnetic length is deﬁned as,
lB =
1√
B|q| , (3.5.11)
this introduces a length scale which depends on the magnetic ﬁeld. Choosing
a new variable:
ξˆ =
1
lB
(
yˆ + sgn(q)l2Bk
1 − 1
2
θ2µkµ
)
, (3.5.12)
and setting,
a± = l2B
(
(k0)2 −m2 − (k3)2 ± sgn(q) 1
l2B
)
, (3.5.13)
also noting that since,
[xˆi, ξˆ] = i
1
lB
θi2, (3.5.14)
we can write,
∂
∂yˆ
ψˆ =
1
lB
∂
∂ξˆ
ψˆ, (3.5.15)
the following equation is obtained,(
d2
dξˆ2
− ξˆ2 + a±
)
F±(ξˆ) = 0. (3.5.16)
The commutative version of this can be found in [33] and [35]. These solutions
match the form of the commutative case except that we have a modiﬁed ξˆ
parameter and these are operator valued functions, in particular we can see
that in our case the eﬀect of non-commutativity was to shift k1. Solutions of
this diﬀerential equation are operator valued Hermite functions,
Fn±(ξˆ) = Nn±e
− ξˆ2
2 Hn±(ξˆ). (3.5.17)
where H is a hermite polynomial and a± = 2n± + 1, n± ∈ N. This gives for
the energies:
E2n± =
1
l2B
(2n± + 1∓ sgn(q)) +m2 + (k3)2. (3.5.18)
We see that exactly the same spectrum as in the commutative case is obtained,
which is expected since the energy doesn't depend on k1. There is a discrete
2 fold degeneracy, e.g. when q = −e then En+−1 = En− so in this case we can
label the energies by n− = n then En = 2nl2B
+ m2 + (k3)2, then also only the
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ground state is non degenerate En−=0. There is also a continuous degeneracy
in k1. From this point we use the transformed (2.1.2) θ → θ˜ coordinate system
for the rest of the thesis , so ξˆ = 1
lB
(
yˆ + k1(sgn(q)l2B − 12θ12)
)
. Since:
θ2µkµ → θ21k1. (3.5.19)
Using the notation:
φˆ+,n =
(
Fn+(ξˆ)
0
)
, φˆ−,n =
(
0
Fn−(ξˆ)
)
, (3.5.20)
we can ﬁnd χ±,n, put φ±,n into equation (3.5.3),
χˆ±,n =
1
E +m
(
k3 −∂2 +Bqy + k1 − 12Bqθ21k1
∂2 +Bqy + k
1 − 1
2
Bqθ21k1 −k3
)
φ±,n,
=
1
E +m
(
k3 1
lB
(− d
dξˆ
+ sgn(q)ξˆ)
1
lB
( d
dξˆ
+ sgn(q)ξˆ) −k3
)
φ±,n. (3.5.21)
Using the following recursions relations for hermite functions fn found in [36],
f ′n(x) =
√
n
2
fn−1(x)−
√
n+ 1
2
fn+1(x), (3.5.22)
xfn(x) =
√
n
2
fn−1(x) +
√
n+ 1
2
fn+1(x). (3.5.23)
Equation (3.5.21) gives, if we take for the normalization:
Nn =
√√√√ θ12
2nn!
√
1
pil2B
, (3.5.24)
which we see is correct when we compute the Trc (D).
χˆ+,n =
1
E +m
(
k3Fn+(ξˆ)
sgn(q)
lB
√
2n+ + (1− sgn(q))F(n+−sgn(q))(ξˆ)
)
χˆ−,n =
1
E +m
(
sgn(q)
lB
√
2n− + (1 + sgn(q))F(n−+sgn(q))(ξˆ)
−k3Fn−(ξˆ)
)
. (3.5.25)
These are, however, not the most general solutions. Since there is a de-
generacy in k1, we can integrate with some function f(k1) i.e.
∫
dk1f(k1)ψ,
and still obtain the same energy eigenvalue. We can choose f(k1) = e−α
2(k1)2 ,
instead of the δ(k1− (k1)′) for the plane-wave solution, this will make compu-
tation easier and introduces a localization in xˆ determined by the length scale
α2. The normalization of these states is given by Nn =
√√
2α2
pi
√
θ12
2nn!
√
1
pil2B
.
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After verifying these are states in Hq we also calculate the uncertainty
relation (D). So no matter what choice of α or B we make, we will never
obtain a localization below the length scale θ12 unlike commutative physics.
We can also see that there are two length scales involved in this problem
l2B, θ
12. When l2B  θ12 , i.e. a weak magnetic ﬁeld, we see the theta terms
become irrelevant, and lB is the dominate length scale which determines the
uncertainty, since θ
12
2l2B
≈ 0. This is to be expected since for weak magnetic
ﬁelds, the states are not very localized and thus the minimum length scale
becomes unimportant. IfB → 0 then the states are de-localized and everything
behaves as commutatively as previously seen for the free Dirac equation. If
θ12
2l2B
= 1 depending on sgn(q) we can obtain the minimum uncertainty case.
When l2B  θ12, i.e. a strong magnetic ﬁeld ,we see that that the uncertainty
in the y-direction saturates at θ12, while the uncertainty in the x-direction
diverges. Thus the states are maximally localized in the y-direction and de-
localized in the x-direction.
3.5.2 Magnetic Flux
Now consider these equations in some volume V = LxLyLz. From equation
(3.5.17) we can see that the solutions for ψn,± are proportional to a Gaussian in
yˆ "localized" at −k1(sgn(q)l2B− θ
12
2
). At this point it is convenient to introduce
the symbol of ψˆ, which is the expectation value in a coherent state basis, i.e.
ψ(z, , z∗, w, w∗) = 〈z, w| ψˆ |w, z〉. Since it is a minimum uncertainty basis the
real and imaginary parts of z and w are the closest to our conventional notion of
space-time coordinates as obtained from a measurement. A detailed discussion
of symbols and coherent states is given in chapter ﬁve. For our present purposes
it is suﬃcient to note that, to leading order in θµν the symbol can be obtained
by xˆµ → xµ, where the xµ are commutative real coordinates. Now choose
no boundary conditions for the z direction, Lz → ∞, and choose periodic
boundary conditions for the x direction, we have charged particles moving in
cyclotron orbits either clockwise or anticlockwise depending in the sign of k1,
then k1 = 2pil
Lx
, l ∈ Z since we have a constant magnetic ﬁeld in the z-direction.
Then the spacing between two peaks of the Gaussian for a ﬁxed k3 and En is
given by:
∆y =
∣∣∣∣∣−2((l + 1)− l)pi(sgn(q)l2B − θ
12
2
)
Lx
∣∣∣∣∣ =
∣∣∣∣∣−2pi(sgn(q)l2B − θ
12
2
)
Lx
∣∣∣∣∣ . (3.5.26)
Now in the y direction consider a boundary condition, where no states are
localized outside [0, Ly]. This is a rough approximation for conﬁnement where
we are ignoring the issues that occur at the boundary[37]. Then the maximum
number of states we can ﬁt in the x − y plane, is given by, comparing the
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dimensionless lengths ∆y
lB
, Ly
lB
:
Nx,y =
Ly
∆y
=
A
2pi(sgn(q)l2B − θ122 )
=
BqA
2pi(1− Bqθ12
2
)
. (3.5.27)
Where A = LxLy is the area in the x− y plane. So the degeneracy of the
landau level is given ABθ
Φ0
, where Φ0 is the fundamental ﬂux unit Φ0 = | q2pi |.
This is the same result as in the commutative case, except for the magnetic
ﬁeld Bθ and ﬂux Φθ that are modiﬁed by non-commutative corrections:
Bθ =
B
1− Bqθ12
2
, (3.5.28)
and
Φθ = ABθ. (3.5.29)
We can see an explicit physical eﬀect caused by the non-commutativity. If
we consider the limit B → ∞, then Bθ = − 2qθ12 and the number of states
becomes Nx,y =
A
piqθ12
. So even with an inﬁnite magnetic ﬁeld the num-
ber of states, or ﬂux quanta accommodated, is still limited since the non-
commutativity restricts the maximum localization to a length scale θ. This
result also implies that the number of particles that can be accommodated
in a Landau level is modiﬁed by non-commutativity and correspondingly that
incompressibility will occur at modiﬁed ﬁlling factors. This is reminiscent
of the fractional quantum Hall eﬀect and oﬀers the possibility of viewing in-
teracting electrons moving in a constant magnetic ﬁeld as an eﬀective non-
commutative theory of non-interacting electrons moving in the same magnetic
ﬁeld. This point of view was already discussed in [38]. We also see a crit-
ical point Bqθ12 = 2 where the eﬀective magnetic ﬁeld diverges, a similar
non-relativistic result is obtained in [10].
The density of states ρ(E) in V can also be computed, e.g. for electrons
q = −e, and is given by:∑
λ=+,−
∑
n
∫
dkz
ABθ
Φ0
δ
(
E −
√
2Ben+m2 + (k3)2
)
Θ(E2 −m2 − 2Ben)
= 2
ABθ
Φ0
∑
λ=+,−
∑
n
√
E2
E2 −m2 − 2BenΘ(E
2 −m2 − 2Ben). (3.5.30)
We include a step function Θ since from (3.5.18) if 2neB > E2 −m2, k3 will
be imaginary. Again we see the same density but with a modiﬁed ﬂux.
Summarizing chapter three, we have found a Lorentz invariant Dirac equa-
tion (3.2.1). It was shown that it behaves the same way as the commutative
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case under Cˆ, Pˆ , Tˆ , ĈPT transformations. Spectrum and solutions in constant
background magnetic ﬁeld were found (3.5.18) and a modiﬁed magnetic ﬁeld
and ﬂux observed (3.5.29).
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Chapter 4
The Conﬁned Non-commutative
Dirac Equation
One of the main motivations for the topic of this thesis is to study the ther-
modynamics of relativistic gases, conﬁned to a ﬁnite volume, as one expects
that non-commutativity will manifest itself in the high temperature and high
density limits. Particularly the latter limit can be realized in very dense astro-
physical objects, but since the Fermi energy in these systems is very high, the
energies of the particles are ultra-relativistic, which makes a relativistic treat-
ment essential. The purpose of this chapter is to lay the foundation for such
a study by investigating the non-commutative Dirac equation in the presence
of boundaries and conﬁning potentials.
4.1 Boundary Conditions
To conﬁne the commutative Schrödinger equation in 1 − D position basis, a
constant piece wise potential is added:
V (x) =

v x ≤ 0
V 0 ≤ x ≤ L
v L ≤ x
. (4.1.1)
Taking the limit v →∞ would conﬁne the solutions to the interval [0, L]. On
the operator level this takes the form of a projection operator V
∫ L
0
dx |x〉 〈x| +
v(
∫ 0
−∞ dx |x〉 〈x|+
∫∞
L
dx |x〉 〈x|) . However this procedure does not work with
the Dirac equation when sending v → ∞ the problem of the Klein paradox
occurs. Instead, commutatively, a position dependent mass is introduced,
m(x) =

M x ≤ 0
m 0 ≤ x ≤ L
M L ≤ x
. (4.1.2)
29
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For |E| < M we have bound states and for |E| > M scattering states. The
free equation goes like eikx when x > L a particle propagating in the positive
x-direction, if x < 0 it goes like e−ikx, a particle propagating in the negative
x-direction. In the limit M → ∞, k → ±i∞ since k = ±√E2 −m2. So
the solutions go to zero outside the boundary. Non-commutatively a similar
approach is used. In terms of projection operators that separate regions of
non-commutative space, this can be expressed as follows:
mˆ = MRˆ +mQˆ. (4.1.3)
Here Qˆ and Rˆ are projection operators on conﬁguration space i.e ,
Rˆ2 = R,
Rˆ + Qˆ = Ic,
QˆRˆ = 0. (4.1.4)
A non-relativistic non-commutative discussion of this construction can be
found in [39]. So we want solutions that satisfy:
(i /ˆ∂ − (mRˆ +MQˆ))ψˆ = 0. (4.1.5)
These equations are not Lorentz invariant, but this is the usual case for con-
ﬁning potentials. In the regions demarcate by the projection operators R , Q
the Dirac equations are respectively:
(i /ˆ∂ −m)ψˆin = 0,
(i /ˆ∂ −M)ψˆout = 0. (4.1.6)
From this ψ is given by:
ψ = Rˆψˆin + Qˆψˆout. (4.1.7)
Also multiplying (4.1.6) by Rˆ and Qˆ we obtain,
(Rˆi /ˆ∂ −mRˆ)ψˆin = 0,
(Qˆi /ˆ∂ −MQˆ)ψˆout = 0. (4.1.8)
Putting together (4.1.5) and (4.1.7) and then inserting equations (4.1.6) we
obtain the following matching condition, using (4.1.4):
[i /ˆ∂, Rˆ]ψˆin + [i /ˆ∂, Qˆ]ψˆout = 0
=⇒ [i /ˆ∂, Rˆ]ψˆin = [i /ˆ∂, Rˆ]ψˆout. (4.1.9)
This provides boundary conditions for operators ψˆin and ψˆout. The same
method can be used to derive the boundary conditions for the commutative
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Schrödinger equation in which the necessary commutator is [pˆ2,
∫ L
0
dx |x〉 〈x|] |ψin〉
= [pˆ2,
∫ L
0
dx |x〉 〈x|] |ψout〉. This produces the usual continuity condition at the
boundary.
Calculating the commutator yields:
[ /ˆ∂, Rˆ] =
(
I2[∂ˆ0, Rˆ] σi[∂ˆi, Rˆ]
−σi[∂ˆi, Rˆ] −I2[∂ˆ0, Rˆ]
)
. (4.1.10)
Setting ψˆ =
(
φˆ
χˆ
)
gives two equations, for the electron and positron compo-
nents:
[∂ˆ0, Rˆ]φˆin + σi[∂ˆi, Rˆ]χˆin = [∂ˆ0, Rˆ]φˆout + σi[∂ˆi, Rˆ]χˆout,
[∂ˆ0, Rˆ]χˆin + σi[∂ˆi, Rˆ]φˆin = [∂ˆ0, Rˆ]χˆout + σi[∂ˆi, Rˆ]φˆout. (4.1.11)
It is convenient to introduce two operators which simplify our problem:
ρˆ = ∂ˆ1 + i∂ˆ2, ρˆ
† = ∂ˆ1 − i∂ˆ2. (4.1.12)
Then (4.1.11) becomes:(
[∂ˆ0, Rˆ] 0
0 [∂ˆ0, Rˆ]
)
φˆin +
(
[∂ˆ3, Rˆ] [ρˆ
†, Rˆ]
[ρˆ, Rˆ] [∂ˆ3, Rˆ]
)
χˆin
=
(
[∂ˆ0, Rˆ] 0
0 [∂ˆ0, Rˆ]
)
φˆout +
(
[∂ˆ3, Rˆ] [ρˆ
†, Rˆ]
[ρˆ, Rˆ] [∂ˆ3, Rˆ]
)
χˆout,(
[∂ˆ0, Rˆ] 0
0 [∂ˆ0, Rˆ]
)
χˆin +
(
[∂ˆ3, Rˆ] [ρˆ
†, Rˆ]
[ρˆ, Rˆ] [∂ˆ3, Rˆ]
)
φˆin
=
(
[∂ˆ0, Rˆ] 0
0 [∂ˆ0, Rˆ]
)
χˆout +
(
[∂ˆ3, Rˆ] [ρˆ
†, Rˆ]
[ρˆ, Rˆ] [∂ˆ3, Rˆ]
)
φˆout. (4.1.13)
Now in order to continue further we must choose a speciﬁc Rˆ. The action of
(4.1.12) is:
ρˆψˆ =
√
2
θ21
[bˆ, ψˆ], ρˆ†ψˆ = −
√
2
θ21
[bˆ†, ψˆ]. (4.1.14)
Now consider:
bˆ†bˆ =
1
2θ12
(xˆ− iyˆ)(xˆ+ iyˆ)
=
1
2θ12
(xˆ2 + yˆ2 − θ12). (4.1.15)
The radius operator rˆ2 = xˆ2 + yˆ2 is given by,
rˆ2 = θ12(2bˆ†bˆ+ Ic). (4.1.16)
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So the operator which gives a 3D cylinder along the z axis on non-commutative
space is given by Vˆcylinder = 2pirˆ
2zˆ. Since [bˆ†bˆ, zˆ] = 0 we can ﬁnd simultaneous
eigenstates Vˆcylinder |z, n〉 = zθ12(2n+ 1) |z, n〉 where z ∈ R, n ∈ N. Consider a
projection operator Rˆ =
∫ L
0
dz
∑M
n=0 |z, n〉 〈z, n|, this will restrict to the inte-
rior of a cylinder with volume 2piLθ12(2M + 1). Now it is possible to explicitly
calculate the condition (4.1.13) in (E).
The 4 conditions at ξ = 0 are:
〈0, l| χˆ(i)in |ξ′, l′〉 = 〈0, l| χˆ(i)out |ξ′, l′〉 ,
〈0, l| φˆ(i)in |ξ′, l′〉 = 〈0, l| φˆ(i)out |ξ′, l′〉 , (4.1.17)
and the 4 conditions at ξ = L are:
〈L, l| χˆ(i)in |ξ′, l′〉 = 〈L, l| χˆ(i)out |ξ′, l′〉 ,
〈L, l| φˆ(i)in |ξ′, l′〉 = 〈L, l| φˆ(i)out |ξ′, l′〉 . (4.1.18)
Finally the 2 conditions at c = ξ ∈ (0, L) and l = M are:
〈c,M + 1| φˆ(1)in |ξ′, l′〉 = 〈ξ,M + 1| φˆ(1)out |ξ′, l′〉 ,
〈c,M + 1| χˆ(1)in |ξ′, l′〉 = 〈ξ,M + 1| χˆ(1)out |ξ′, l′〉 , (4.1.19)
and the 2 conditions at c = ξ ∈ (0, L) and l = M + 1 are:
〈c,M | φˆ(2)in |ξ′, l′〉 = 〈ξ,M | φˆ(2)out |ξ′, l′〉 ,
〈c,M | χˆ(2)in |ξ′, l′〉 = 〈ξ,M | χˆ(2)out |ξ′, l′〉 . (4.1.20)
4.2 Solutions
In the two regions we have a free particle with diﬀerent masses so that the
general solutions for ψ, for positive energy, are given by:
ψˆin =
∫
d3kf(kz, kx, ky)δ(E
2 − ~k2 +m2)e−ikµxˆµ /k +m√
2m(m+ k0)
(
χs
0
)
ψˆout =
∫
d3Kf(Kz, Kx, Ky)δ(E
2 − ~K2 +M2)e−iKµxˆµ /K +m√
2m(m+K0)
(
χs
0
)
.
(4.2.1)
Here kµkµ = m
2 , KµKµ = M
2 and k0 = K0 = E. Only the exponentials
are operator valued so we begin by calculating their matrix elements. It is
convenient to introduce two dimensionless numbers:
κ =
√
θ12
2
(k1 + ik2), κ∗ =
√
θ12
2
(k1 − ik2). (4.2.2)
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e−ik
µxˆµ ∼ e−ik0 tˆ+ik1xˆ+ik2yˆ+ik3zˆ
∼ e−ik0 tˆ+ik3zˆ+iκ∗bˆ+iκbˆ†
∼ e−ik0 tˆe+ik3zˆeiκbˆ†eiκ∗bˆ. (4.2.3)
The exponentials are equal up to a global phase so to simplify this problem
we only use the ﬁnal form.
For the matrix element we ﬁnd:
〈ξ, l| e−ik0teik3zeiκbˆ†eiκ∗bˆ |ξ′, l′〉 = 〈ξ, l| ek0
←−
∂ξeik
3zeiκbˆ
†
eiκ
∗bˆ |ξ′, l′〉
= e−ik
3(ξ+k0θ03) 〈ξ + k0θ03, l| eiκbˆ†eiκbˆ |ξ′, l′〉
= e−ik
3(ξ+k0θ03) 〈ξ + Eθ03, l|
∞∑
n
1
n!
(iκbˆ†)n
∞∑
m
1
m!
(iκ∗bˆ)m |ξ′, l′〉
= e−ik
3(ξ+k0θ03)
l∑
n
l′∑
m
1
n!m!
(iκ)n(iκ∗)m·(√
l!l′!
(l − n)!(l′ −m)!δ(ξ + Eθ
03 − ξ′)δl−n,l′−m
)
. (4.2.4)
Now consider two cases l > l′ and l ≤ l′ and sum these equations diﬀerently,
by either doing the n or m sum ﬁrst. If l > l′ , n = l − l′ +m:
e−ik
3(ξ+k0θ03)δ(ξ + Eθ03 − ξ′)
√
l!l′!κl−l
′
l′∑
m
i2m+(l−l
′)(|κ|2)m
m!((l′ −m)!)((m+ (l − l′))!)
= e−ik
3(ξ+k0θ03)δ(ξ + Eθ03 − ξ′)κl−l′
√
l′!
l!
Ll−l
′
l′
(|κ|2) , (4.2.5)
where L is an associate Laguerre polynomial, similarly if l < l′, m = l′− l+m:
e−ik
3(ξ+k0θ03)δ(ξ + Eθ03 − ξ′)(κ∗)l′−l
√
l!
l′!
Ll
′−l
l
(|κ|2) . (4.2.6)
We can integrate over a small interval around ξ′ on both sides of the
boundary conditions and thus drop the δ function. Note that we can factor
f(kz, ky, kx) = f(kx)f(κ, κ
∗). We pick f(κ, κ∗) = e−imθ where κ = |κ|eiθ this
projects on to angular momentum states. The condition of ﬁxed energy means
the integral over kz becomes a sum over ±kz and we set f(kz) = A, f(−kz) =
B. The integrals over kx, kz become an integral over θ. Now we evaluate the
boundary conditions starting with, (4.1.17) at ξ = 0 , when l > l′ :
∑
kz ,−kz
∫ pi
−pi
dθeiθe−ik
3k0θ03(|κ|eiθ)l−l′
√
l′!
l!
Ll−l
′
l′
(|κ|2) 1√
2m(m+ k0)
(
(k0 +m)χs
(~k · ~σ)χs
)
.
(4.2.7)
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Now we have to consider the two possibilities of s. First we consider s = +1,
noting the identity δa,b =
1
2N
∫ N
−N dxe
ix(a−b):
∫ pi
−pi
dθe−imθ(|κ|eiθ)l−l′
√
l′!Ll−l
′
l′ (|κ|2)√
l!2m(m+ k0)

(k0 +m)(Ae−ik
3k0θ03 +Beik
3k0θ03)
0
kz(Ae
−ik3k0θ03 −Beik3k0θ03)√
2
θ12
κ(Ae−ik
3k0θ03 +Beik
3k0θ03)

=
√
(l −m)!(|κ|)m√
l!2m(m+ k0)

(k0 +m)Lml−m (|κ|2) (Ae−ik3k0θ03 +Beik3k0θ03)
0
kzL
m
l−m (|κ|2) (Ae−ik3k0θ03 −Beik3k0θ03)√
2(l−(m−1))
θ12
|κ|Lm−1l−(m−1) (|κ|2) (Ae−ik
3k0θ03 +Beik
3k0θ03)
 .
(4.2.8)
Now restrict to the case of M →∞ , ψˆout = 0. Since these equations have
to hold for all l , there is not a solution for |k| that will always make L zero.
So we have two conditions:
Ae−ik
3k0θ03 +Beik
3k0θ03 = 0, (4.2.9)
Ae−ik
3k0θ03 −Beik3k0θ03 = 0. (4.2.10)
Unfortunately these conditions cannot be satisﬁed simultaneously. The phases
are never zero so these conditions give Ae−ik
3k0θ03 = Beik
3k0θ03= 0. So the
whole wave-function vanishes. In summary we cannot satisfy (4.1.17), (4.1.18)
simultaneously for either s = ±1.
We now look at conditions (4.1.19) and (4.1.20). Dropping the ξ depen-
dence, since ξ ∈ [0, L] is arbitrary, for l > l′ and s = +1:
∫
dθ
e−imθ√
2m(m+ k0)

(k0 +m)(|κ|eiθ)(M+1)−l′
√
l′!
(M+1)!
L
(M+1)−l′
l′ (|κ|2)
0
kz(|κ|eiθ)(M+1)−l′
√
l′!
(M+1)!
L
(M+1)−l′
l′ (|κ|2)√
2
θ12
κ(|κ|eiθ)M−l′
√
l′!
M !
LM−l
′
l′ (|κ|2)

= (|κ|)m
√
(M + 1−m)!
(M + 1)!
1√
2m(m+ k0)

(k0 +m)LmM+1−m (|κ|2)
0
kzL
m
M+1−m (|κ|2)√
2(M+1)
θ12
|κ|Lm−1M+1−m (|κ|2)
 .
(4.2.11)
Unfortunately we cannot ﬁnd κ's that simultaneously satisfy LmM+1−m (|κ|2) =
Lm−1M+1−m (|κ|2) = 0, so (4.1.19) and (4.1.20) cannot be satisﬁed simultaneously
for either s = ±1 or any m. The previous equation should not be interpreted
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as a four spinor which is a solution to the Dirac equation. For convenience it
is a list of boundary conditions.
It turns out that none of our boundary conditions can be satisﬁed if we
want the wave-function to vanish everywhere outside the boundary ψˆout =
0. This is not a problem of non-commutative quantum mechanics, this is
exactly the same problem as commutatively when one tries to impose vanishing
boundaries on the Dirac equation. So this is problem of relativistic quantum
mechanics itself perhaps because it is not a complete theory and one might
need to consider an interacting ﬁeld theory approach to conﬁnement. There
are lesser conditions that can be satisﬁed instead of a vanishing wave-function,
we could ask that only the current Jµ vanish outside the boundary but this is
not suﬃcient to quantize the momenta [40]. There is also the MIT bag model
[41] where a linear boundary condition, which implies current conservation, is
used to conﬁne quarks. This has been applied to the case of the Dirac equation
[42], where it did quantize the momenta. It is, however, unclear what the non-
commutative analogue of the bag model should be as its boundary condition
are introduced in an ad-hoc way. Another approach is to ask that only 2 of the
components of the spinor vanish. This is interesting to us since if we only look
at (4.1.19), this condition matches the condition obtained in [39] for the two
dimensional non-relativistic spherical well. At the very least we have shown
that our formulation is consistent with non-relativistic calculations.
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Chapter 5
The Non-Commutative Action and
The Coherent State Basis
In this chapter an action, which through variation gives the non-commutative
Dirac equation, is deﬁned. It is done in an abstract way without reference to
a particular basis or coordinate system. This is useful since this general form
can later be used to write an action for any basis, and it is possible to study
the general properties of non-commutative theories in a basis independent way.
This can also serve as the starting point for developing non-commutative ﬁeld
theories in a basis independent way and to develop abstract Feynman rules.
We then consider the action in the coherent state basis and also our previous
calculation for the magnetic ﬁeld in the coherent state basis. First consider
the Dirac equation and a possible action written as an inner product:
S[ψˆ] = (γ0ψˆ, /ˆDψˆ) = Trc(
ˆ¯ψ /ˆDψˆ). (5.0.1)
Under a variation ηˆ,
S[ψˆ + ηˆ]− S[ψˆ] = (γ0ψˆ + ηˆ, /ˆD(ψˆ + ηˆ))− (γ0ψˆ, /ˆDψˆ)
= ∗(ηˆ, /ˆDψˆ) + (γ0ψˆ, /ˆDηˆ) +O(2). (5.0.2)
Since ∗,  are independent, this can only be zero if both terms are zero. Since
η is arbitrary two conditions follow:
/Dψˆ = 0, (5.0.3)
The ﬁrst is just the Dirac equation. To clarify the second condition consider:
/ˆD
‡
γ0ψˆ = 0, (5.0.4)
for the Dirac equation with interactions, /ˆD = i /ˆ∂ − q /ˆA∗ˆ −m. We recall that
Aˆ, i∂ˆ are hermitian, and that (γµ)† = γ0γµγ0, and also that (Aˆ∗ˆψˆ)† = ψˆ†∗ˆAˆ† =
36
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Aˆ†∗ˆψˆ† (3.4.7). So all we have to calculate is ( /ˆA∗ˆ)‡, we do this directly by
looking at the inner product:
(φˆ, /ˆA∗ˆψˆ) = Trc(φˆ†( /ˆA∗ˆψˆ))
= Trc((φˆ
†∗ˆ /ˆA)ψˆ)
= Trc(( /ˆA
†∗ˆφˆ)†ψˆ)
= (γ0 /ˆAγ0∗ˆφˆ, ψˆ). (5.0.5)
Using this we can easily see /ˆD
‡
= γ0 /ˆDγ0, the second condition then be-
comes /ˆD
‡
γ0ψˆ = γ0 /ˆDψˆ = 0. This condition is equivalent to the ﬁrst and
also reproduces the Dirac equation. We have now shown that our abstract
deﬁnition of the action does indeed produce the right equation of motion.
5.1 The Coherent State Basis
Now we consider the action in a particular basis, as an example, but also
because the coherent state basis is of interest since it is a minimum uncertainty
basis. It is possible to deﬁne a four dimensional coherent state in conﬁguration
space [43]:
|z, w〉 = e− |z|
2
2 e−
|w|2
2 ezaˆ
†
ewbˆ
† |0, 0〉 . (5.1.1)
In the quantum Hilbert space we deﬁne a state, which is shown to have the
interpretation as a minimum uncertainty state in [17]:
|z, w) = |z, w〉 〈w, z| . (5.1.2)
where:
z =
1√
2θ03
(x0 + ix3), w =
1√
2θ12
(x1 + ix2), (5.1.3)
and z, w are dimensionless numbers, these states form an over complete basis
for the conﬁguration space and it is possible to write the identity as:
Ic =
1
pi2
∫
dzdz∗dwdw∗ |z, w〉 〈z, w| . (5.1.4)
As these are minimum uncertainty states, the real and imaginary parts of
z and w are the closest to our conventional notion of space-time coordinates
as obtained from a measurement.
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Writing dzdz∗dwdw∗ as d4x, noting −|a|2 − |b|2 = −|a− b|2 − a∗b− ab∗:
S = Trc(
ˆ¯ψ /ˆDψˆ) =
1
pi2
∫
d4x 〈z, w| ˆ¯ψ /ˆDψˆ |z, w〉
=
1
pi2
∫
d4x 〈z, w| ˆ¯ψ( 1
pi2
∫
d4x′ |z′, w′〉 〈z′, w′|) /ˆDψˆ |z, w〉
=
1
pi4
∫
d4xd4x′e−|z−z
′|2−(z∗z′)−(z(z∗)′)−|w−w′|2−(w∗w′)−(w(w∗)′)×
〈0, 0| ez∗aˆew∗bˆ ˆ¯ψew′bˆ†ez′aˆ† |0, 0〉 〈0, 0| e(z∗)′aˆe(w∗)′bˆ /ˆDψˆewbˆ†ezaˆ† |0, 0〉 . (5.1.5)
Set w′ = w+u, z′ = z+v and deﬁne ψ(z, w, z∗, w∗) ≡ 〈z, w| ψˆ |z, w〉 commonly
referred to as the symbol of the operator ψˆ as mentioned in chapter three.
Using the formula for translations of functions ea
d
dxf(x) = f(x+ a) , we ﬁnd :
S =
1
pi4
∫
d4xdudu∗dvdv∗e−|u|
2−|v|2·
ψ¯(z, w, z∗, w∗)ev
←−
∂z+u
←−
∂wev
∗−→∂z∗+u∗
−−→
∂w∗ 〈z, w| /ˆDψˆ |z, w〉 . (5.1.6)
Consider the integral over v, v∗ ﬁrst:∫
dvdv∗e−|v|
2
ev
←−
∂zev
∗−→∂z∗ . (5.1.7)
Changing to polar coordinates yields:∫ ∞
0
rdr
∫ pi
−pi
dθe−r
2
ere
iθ←−∂zere
−iθ−→∂z∗
=
∫ ∞
0
rdr
∫ pi
−pi
dθe−r
2
∑
n,m
1
n!m!
(r
←−
∂z)
n(r
−→
∂z∗)
meiθ(n−m)
= 2pi
∑
n
1
n!n!
(
←−
∂z
−→
∂z∗)
n
∫ ∞
0
dre−r
2
r2n+1
= 2pi
∑
n
1
n!n!
(
←−
∂z
−→
∂z∗)
nn!
2
= pie
←−
∂z
−→
∂z∗ . (5.1.8)
Similarly the integral over u gives:∫
dudu∗e−|u|
2
eu
←−
∂weu
−−−−→
u∗∂w∗ = pie
←−
∂w
−−→
∂w∗ . (5.1.9)
So the action becomes:
S =
1
pi2
∫
d4xψ¯(z, w, z∗, w∗)e
←−
∂z
−→
∂z∗e
←−
∂w
−−→
∂w∗ 〈z, w| /ˆDψˆ |z, w〉 . (5.1.10)
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Using (5.1.3):
∂z =
√
θ03
2
(
∂
∂x0
− i ∂
∂x3
), ∂w =
√
θ12
2
(
∂
∂x1
− i ∂
∂x2
), (5.1.11)
yields,
e
←−
∂z
−→
∂z∗e
←−
∂w
−−→
∂w∗ = e
i
2
θµνV
←−
∂µ
−→
∂ν , (5.1.12)
known as the Vorus product. Here:
θµνV =

−iθ03 0 0 θ03
0 −iθ12 θ12 0
0 −θ12 −iθ12 0
−θ03 0 0 −iθ03
 . (5.1.13)
This matrix diﬀers from θµν = −i[xˆµ, xˆν ] since it has on-diagonal terms and is
not antisymmetric. To distinguish between the two, it is convenient to denote
the latter by θµνM , since this corresponds to the matrix used in the Moyal
product.
The operator derivative just becomes the usual derivative in the coherent
state basis we verify this is (F).
∂ˆ0 → ∂
∂x0
, ∂ˆ1 → ∂
∂x1
, ∂ˆ2 → ∂
∂x2
, ∂ˆ3 → ∂
∂x3
, (5.1.14)
and thus we can write /∂ψ(z, w, z∗, w∗) ≡ 〈z, w| /ˆ∂ψˆ |z, w〉.
Next we calculate the interaction term:
〈z, w| Aˆλ∗ˆψˆ |w, z〉 = 〈z, w|
∞∑
n=0
(− i
2
θµν)n
n!
((∂ˆµ)
nAλ)·
(
1
pi2
∫
d4x′ |z′, w′〉 〈z′, w′|)((∂ˆν)nψˆ) |z, w〉
=
∞∑
n=0
(− i
2
θµν)n
n!
〈z, w| ((∂ˆµ)nAλ) |w, z〉 e
←−
∂z
−→
∂z∗e
←−
∂w
−−→
∂w∗ 〈z, w| (∂ˆν)nψˆ) |z, w〉
= Aλ(z, w)e
i
2
(θµνV −θµνM )
←−
∂µ
−→
∂νψ(z, w). (5.1.15)
This diﬀers from the non-commutative ﬁeld theories that are convention-
ally written down, where either a Moyal or Vorus product is simply inserted
between ﬁelds in the action as discussed previously in chapter one. Explicitly
this product reads:
(θµνV − θµνM ) =

−iθ03 0 0 0
0 −iθ12 0 0
0 0 −iθ12 0
0 0 0 −iθ03
 . (5.1.16)
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We denote the various star products as, the Moyal product ∗M , the Vorus
product ∗V and the product with the above matrix ∗V−M . The Dirac equation
in the coherent state basis is then:
(i/∂ − q /A ∗V−M −m)ψ = 0. (5.1.17)
Then using properties of ∗ˆ the action can be written as:
S =
1
pi2
∫
d4xψ¯(z, w, z∗, w∗) ∗V
(
(i/∂ − q /A ∗V−M −m)ψ(z, w, z∗, w∗)
)
=
1
pi2
∫
d4xψ¯(z, w, z∗, w∗) ∗V−M
(
(i/∂ − q /A ∗V−M −m)ψ(z, w, z∗, w∗)
)
(5.1.18)
Noting the symbols of:
aˆ→ z, aˆ† → z∗, bˆ→ w, bˆ† → w∗, (5.1.19)
it easily follows from (5.1.3) that:
xˆ1 → x1, xˆ2 → x2, xˆ3 → x3, xˆ4 → x4. (5.1.20)
We can summarize this by saying that the symbol of xˆµ is xµ. The symbol
of a Lorentz transformed state Jˆωψˆ, focusing only on the spatial part, is then
found to be:
〈z, w| Jˆwψˆ |w, z〉 = 〈z, w| xˆνωµν ∂ˆµ −
i
2
ωλν θ
νµ
M ∂ˆµ∂ˆλψˆ |w, z〉
= xνωµν ∗V ∂µψ −
i
2
ωλν θ
νµ
M ∂µ∂λψ
= xνωµν ∂µψ +
i
2
ωλν θ
νµ
V−M∂µ∂λψ. (5.1.21)
Our abstract action consistently produces the Dirac equation. In the co-
herent state basis we produced a familiar integral action involving star prod-
ucts. However the star products involve a matrix θV−M which diﬀers from the
conventional construction of non-commutative quantum ﬁeld theories. This
matrix also occurs in the symbol of the Lorentz generator, but this is only due
to our particular choice of basis, which due to its minimum uncertainty status,
makes it the preferred basis if one wants to interpret this as an integral over
space-time. Also note that although ∗ˆ eﬀectively makes the Aˆ, ψˆ commute, we
still see the eﬀects of non-commutativity in the action.
5.2 Constant Background Magnetic Field
Revisited
Previously we have solved the Dirac equation in the presence of a constant
magnetic ﬁeld without any reference to a speciﬁc basis. We now repeat this
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calculation in the coherent state basis. Using (z, w| /ˆD|ψ) = 〈z, w| /ˆDψˆ |w, z〉,
the Dirac equation of (3.5.2) reads:
(i/∂ − γ1Bq(x2 + i
2
(−iθ12)∂2)−m)ψ = 0. (5.2.1)
Now A,ψ are functions of the real parameters xµ. Setting ψ =
(
φ
χ
)
gives two
equations:
(−iσj∂j + σ1(Bqy +Bq1
2
θ12∂2))χ = (i∂0 −m)φ, (5.2.2)
(−iσj∂j + σ1(Bqy +Bq1
2
θ12∂2))φ = (i∂0 +m)χ. (5.2.3)
Solving for one of the spinors yields:
(−iσj∂j + σ1(Bqy +Bq1
2
θ12∂2))
2φ = (−∂20 −m2)φˆ. (5.2.4)
Setting φ = e−ik
0t+ik1x1+ik3x3φ˜, but dropping the˜for notational convenience in
what follows, we ﬁnd after writing out the matrix explicitly:(
k3 k1 +Bqy + 1
2
Bqθ12∂2 − ∂2
k1 +Bqy + 1
2
Bqθ12∂2 + ∂2 −k3
)2
φ
= ((k0)2 −m2)I2φ. (5.2.5)
Again transform to the variable ξ = 1
lB
(y + sgn(q)l2Bk
1): k3 1lB ((sgn(q) θ122l2B − 1) ddξ + sgn(q)ξ)
1
lB
(
(sgn(q) θ
12
2l2B
+ 1) d
dξ
+ sgn(q)ξ
)
−k3
2 φ
= ((k0)2 −m2)I2φ. (5.2.6)
After squaring the matrix this reads:(
(k3)2 +
1
l2B
(((
θ12
2l2B
)2
− 1
)
d2
d2ξ
+ ξ2 +
θ12
l2B
ξ
d
dξ
+
θ12
2l2B
))
I2φ− sgn(q)
l2B
σ3φ
= ((k0)2 −m2)I2φ. (5.2.7)
In order to solve this we have to consider three possibilities ( θ
12
2l2B
)2 < 1, ( θ
12
2l2B
)2 =
1, ( θ
12
2l2B
)2 > 1. For the ﬁrst case consider φ = e−bξ
2
φ˜ then:
d2
d2ξ
e−bξ
2
φ˜ =
d
dξ
(−2bξe−bξ2φ˜+ e−bξ2 d
dξ
φ˜)
= e−bξ
2
(−2b+ (2bξ)2 − 4bξ d
dξ
+
d2
d2ξ
)φ˜. (5.2.8)
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Setting:
b =
θ12
2l2B
2
((
θ12
2l2B
)2
− 1
) , (5.2.9)
and inserting this into (5.2.7) gives:
1
l2B

((
θ12
2l2B
)2
− 1
)
d2
d2ξ
− 1((
θ12
2l2B
)2
− 1
)ξ2
 I2φ˜− sgn(q)l2B σ3φ˜
= ((k0)2 −m2)I2φ˜. (5.2.10)
Deﬁne again a new variable:
ξ˜ =
1√
1−
(
θ12
2l2B
)2 ξ, (5.2.11)
then the equation reads:
1
l2B
(
− d
2
d2ξ˜
+ ξ˜2
)
I2φ˜− sgn(q)
l2B
σ3φ˜ = ((k0)2 −m2)I2φ˜. (5.2.12)
This is the same form as previously and we know the solutions for φ˜, while
the energies stay the same. Now consider φ˜+,n using the same notation as
previously:
φ˜+,n =
(
e−bξ
2
Fn+(ξ˜)
0
)
=
(
e−bξ
2
Nn+e
− ξ˜2
2 Hn+(ξ˜)
0
)
=
(
e
( θ
12
2l2
B
−1) ξ˜
2Nn−1Hn−1(ξ˜)
0
)
. (5.2.13)
This has the same form as previously, but with a scaled Gaussian. For
θ12
2l2B
= 1 we return to (5.2.7):(
(k3)2 +
1
l2B
(
ξ2 + 2ξ
d
dξ
+ 1
))
I2φ− sgn(q)
l2B
σ3φ
= ((k0)2 −m2)I2φ. (5.2.14)
The solution in this case is:
φ±,n = Ne−
ξ2
4 ξ
λ
2 . (5.2.15)
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We see this state is only normalizable in ξ =
√
2
θ12
(y + sgn(q)k
1θ12
2
), if λ =
l2B((k
0)2 − m2 − (k3)2 ± sgn(q)
l2B
) − 1 > 0. However if we look at the operator
equation at this value of B we obtain a simple harmonic oscillator equation
in the y direction, the sgn(q) dictating what ordering is required to cancel the
x terms. So the solutions must have quantized energy λ = 2n±, and we have
the correct spectrum. This is similar to the commutative case of mapping
creation and annihilation operators onto ∂
∂z
, z then using the same argument
for annihilation operators on the vacuum states, giving zero since the energy
must be bounded from below, we know that z∂z has an eigenfunction z
n where
n is an integer. This is one of the many subtleties that one can encounter when
going to the coherent state basis, where knowledge of the underlying operator
equation is required. Lastly if θ
12
2l2B
> 1, we follow the same steps as in the ﬁrst
case and obtain the same scaled Gaussian, but now ( θ
12
2l2B
−1) > 1. These states
are normalizable in y which we will see when we discuss the inner product in
the next section.
5.3 The Symbol Map
We now return to the map from operators to symbols, m(ψˆ) = (z, w|ψ) =
〈z, w| ψˆ |w, z〉 = ψ(z, z∗, w, w∗) = ψ(xµ) = ψ. The inner product on the
operator level is mapped to the following inner product on symbols, upto
a factor 1
pi2
,:
(φ|ψ) = Trc(φˆ†ψˆ)→
∫
d4xφ∗e
i
2
θµνV−M
←−
∂µ
−→
∂νψ. (5.3.1)
So if our Hilbert space is the set of Hilbert-Schmidt operators then the space
of symbols is not simply L2 but the space where the above inner product is
ﬁnite, which is a smaller subset of L2 i.e. a subset of Schwartz class functions.
In Fourier space this inner product becomes:∫
d4xd4kd4k′φ∗(k′)e−i(k
′)µxµe
i
2
θµνV
←−
∂µ
−→
∂νψ(k)eik
µxµ
=
∫
d4kφ∗(k)ψ(k)e
1
2
(θ12((k1)2+(k2)2)+θ03((k0)2+(k3)2)). (5.3.2)
The ﬁnite Trc condition for operators is actually more restrictive than the
square integrability of functions, it enforces a smoothness on length scales
smaller than theta. Schwartz class functions have derivatives that decay
rapidly enough on the length scale of theta. As we can see in the above
equation, for the inner product to be ﬁnite, the high momentum modes must
be suppressed because of the positive theta exponential. The suppression of
high momentum modes implies, through the Fourier transform, a smoothness
on small lengths scales.
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Besides a modiﬁed inner product, the calculation of uncertainties must also
be modiﬁed. Since the expectation value, following directly from the modiﬁed
inner product, in the coherent state basis is diﬀerent:
〈O(z, z∗, w, w∗)〉 =
∫
d4xψ∗ ∗V−M O ∗V−M ψ. (5.3.3)
We can easily ﬁnd the symbol of an operator multiplied with position:
m(xˆµψˆ) = (xµ + i
θµνV
2
∂ν)ψ. (5.3.4)
xµ + i
θµνV
2
∂ν are the so called Bopp shifted coordinates [5] . These satisfy the
same commutation relations as the operator coordinates since i
2
([θµνV ∂ν , x
α] +
[xµ, θαβV ∂β] = iθ
µα
M ). This must be the case, a particular representation of an
operator must have its algebraic properties.
As an explicit example of ﬁnding a symbol directly from an operator, we
can calculate the symbol of the free particle solution in 2 dimensions xˆ, yˆ:
(w|ψ) = 〈w|Neiκbˆ†eiκ∗bˆ |w〉
= Ne−|w|
2 〈0| ew∗bˆeiκbˆ†eiκ∗bˆewbˆ† |0〉
= Neiκw
∗+iκ∗w. (5.3.5)
Returning to the magnetic ﬁeld solutions, as in chapter three we can inte-
grate over k1, we relabel this as kx, we parametrize the x Gaussian by α˜ which
is not necessarily the same as in chapter three. We can then also check normal-
izability as in chapter three, but we have to use the inner product (5.3.1). We
do this because we did not calculate the symbols directly, instead we solved
the symbolic Dirac equation which could possibly produce solutions from all
L2. We express this in the Weyl representation, ky is the Fourier variable for
y. This is for the case θ
12
2l2B
6= 1. Recalling (5.2.11) to write the Gaussians in
terms of y.
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N0
∫
dxdydkxdk
′
xe
−α˜2(k′x)2e
( θ
12
2l2
B
−1) (ξ˜′)2
2 e−ik
′
xxe
i
2
θµνV−M
←−
∂µ
−→
∂νeikxxe−α˜
2k2xe
( θ
12
2l2
B
−1) ξ˜2
2
= N0
√
1
pil2B
∫
dxdydkxdk
′
xe
−α˜2(k′x)2e−α˜
2k2xe−i(k
′
x−kx)xe
i
2
θ12k′xkx·
e
−(
y+sgn(q)l2Bk
′
x)
2
l2
B
2( θ
12
2l2
B
+1)
e
i
2
θ12(
←−
∂2
−→
∂2)e
−(
y+sgn(q)l2Bkx)
2
l2
B
2( θ
12
2l2
B
+1)
= N0
∫
dkxdkye
−2α˜2k2xe
1
2
θ12(k2x+k
2
y)|ψ(ky)|2
= N0
∫
dkxdkye
−2α˜2k2xe
1
2
θ12(k2x+k
2
y)|e−
1
2
k2yl
2
B(
θ12
2l2
B
+1)
eiky sgn(q)l
2
Bkx|2
= N0
∫
dkxdkye
−2α˜2k2xe
1
2
θ12(k2x+k
2
y)e
−k2yl2B( θ
12
2l2
B
+1)
= N0
∫
dkxdkye
−(2α˜2− θ12
2
)k2xe−k
2
yl
2
B (5.3.6)
For normalizability we must require 2α˜2 − θ12
2
> 0. It follows easily that
for θ
12
2l2B
= 1 we obtain the same condition. This simply reﬂects the fact that
the wave-functions must be smooth on short length scales in order to be valid
symbols, i.e., the images of operators under the symbol map. The important
point here is that only these solutions of the Dirac equation are acceptable.
We could have also calculated the symbols directly from the solution of the
operator equation, although generally this is quite diﬃcult. In our case we
have (3.5.17), then we can write the yˆ2 exponential as a Gaussian integral and
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then we write xˆ, yˆ in terms of b, b† (2.1.3), and also use (5.1.3):
〈w| ψˆ |w〉 = 〈w|N0
∫
dkxe
−α2k2xe−
ξˆ2
2 eikxxˆ |w〉
= 〈w| N0√
pi
∫
dkxdve
−v2e−α
2k2xei
√
2vξˆeikxxˆ |w〉
=
N0√
pi
∫
dkxdve
−v2e−α
2k2xe
i
√
2v
kx(sgn(q)l
2
B− 12 θ
12)
lB 〈w| e−v
√
θ12
lB
b†
e
v
√
θ12
lB
b·
e
(−v
√
θ12
lB
)2(− 1
2
)[b†,−b]
eikx
√
θ12
2
b†eikx
√
θ12
2
be(ikx
√
θ12
2
)2(− 1
2
)[b†,b] |w〉 (5.3.7)
=
N0√
pi
∫
dkxdve
−v2e−α
2k2xe
i
√
2v
kx(sgn(q)l
2
B− 12 θ
12)
lB e
−v2 θ12
2l2
B e−k
2
x
θ12
4 e
−w∗v
√
θ12
lB e
wv
√
θ12
lB ·
e
ivkx
θ12√
2lB eiwkx
√
θ12
2 eiw
∗kx
√
θ12
2
=
N0√
pi
∫
dkxdve
−v2(1+ θ12
2l2
B
)
e
i
√
2v
kx(sgn(q)l
2
B− 12 θ
12)
lB e−α
2k2xe−k
2
x
θ12
4 e
iv
√
2
(y+ kxθ
12
2 )
lB eikxx
= N0
∫
dkxe
−α2k2xe
−(
y+sgn(q)l2Bkx)
2
l2
B
2( θ
12
2l2
B
+1)
e−k
2
x
θ12
4 eikxx. (5.3.8)
We see this symbol matches with solutions from the symbolic Dirac equation,
when θ
12
2l2B
6= 1. The factor e−k2x θ124 relates α, α˜ and ensures that α is unrestricted
as was found for the calculation done in chapter three on the operator level.
In this chapter we found an abstract action which produces the non-
commutative Dirac equation from variation. We express this in the coherent
state basis in terms of symbols, with a modiﬁed star product. Of course the
coherent state is just one particular choice of basis, but with a good physical
motivation, for every valid choice of basis we would obtain diﬀerent wave-
functions composed with diﬀerent star products. The diﬀerent representations
of positions operators (shifted coordinates) all must satisfy the same commu-
tation relations. We solved the symbolic constant background magnetic ﬁeld
equation, and studied the solutions. An open question remains, how to con-
ﬁne these symbolic solutions. It is not clear how to deﬁne solvable boundary
conditions in this space. In particular it is diﬃcult to use the same naive
approach as in chapter 3, which was only valid up to leading order in θ. An
explicit construction would mean solving a symbolic equation that involves
step functions Θ composed with star products which is diﬃcult. So it remains
to be seen how to count the number of states in a particular Landau level
using coherent solutions. This is of interest since with a solid understanding
of the subtleties of symbols, we can work with these instead of operator solu-
tions, and then use our knowledge of function spaces such as approximation
techniques to calculate physical quantities more easily.
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In this conclusion we brieﬂy summarize what has been achieved in this thesis
and comment on the outlook on future work that can follow from this thesis.
We have found a consistent framework for relativistic non-commutative
quantum mechanics. This was done in the operator formalism using Hilbert-
Schmidt operators as the states. It follows closely the two dimensional non-
relativistic non-commutative formalism. We found the generators of the Lorentz
transformations on the space of Hilbert-Schmidt operators. In this formalism
we found that the free equation retains the same spectrum as commutatively
and the solutions have the same form. We also found the Lorentz symmetry
of the free equation was conserved.
However, if potentials are introduced into the Dirac equation the same way
as commutatively the Lorentz symmetry is broken. We restored this symme-
try, for operators, by introducing a modiﬁed composition rule. Speciﬁcally
if the potentials and states are combined with a operator star product then
these transform in the same way as commutatively, and the Lorentz symmetry
is restored. Using this star product we investigated the constant magnetic
ﬁeld, and found the same spectrum as commutatively. Approximating for the
symbols we also obtained an eﬀective magnetic ﬁeld.
We also looked at conﬁning the non-commutative Dirac equation. This
was achieved with projection operators on conﬁguration space. From this we
found the boundary condition that needed to be satisﬁed. Unfortunately these
can not be be satisﬁed if the state vanishes completely outside the boundary.
This not a problem of non-commutative physics however, but of relativistic
quantum mechanics in general most likely since it is not a complete theory.
The calculation was however consistent with non-relativistic non-commutative
calculations for the two dimensional spherical well.
Finally an abstract operator valued action was found for the Dirac equation.
Under variation this action produced the correct Dirac equations of motion.
We investigated this action in the coherent state basis and obtained an action
which was similar to those conventionally written down in non-commutative
theories. However, we encountered a diﬀerent star product, which was due to
47
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our abstract action being constructed to maintain Lorentz invariance. Also in
the coherent state basis the constant magnetic ﬁeld was studied.
Our study was limited to relativistic non-commutative quantum mechanics,
ideally in the future this formalism should be extended to non-commutative
quantum ﬁeld theories. This is the ultimate goal, to build a complete con-
sistent non-commutative quantum ﬁeld theory. This could also alleviate the
problems encountered when studying conﬁned Dirac particles. Then the ther-
modynamics of such systems can also be studied.
Our choice of commutations was motivated by the fact they made the
extension from two dimensional non-relativistic non-commutative quantum
mechanics easy. Also they emerge naturally from some string theory calcu-
lations. There are however other potential commutation relations like spin
non-commutativity [44]. It is then also relevant to study the commutation
relations in general, and ﬁnd the ones best suited for either an intrinsic or
eﬀective theory. In particular in three dimensions it seems correct to use fuzzy
sphere commutation relations. For non-commutative physics to be consistent
there should be a non-relativistic limit where the three dimensional commuta-
tions relations emerge from the relativistic theory.
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Appendix A
Commutator of Generators of on
Non-commutative Space Lorentz
Transformations
In this appendix we verify that the generators of Lorentz transformations on
non-commutative space, derived in section 2.2, do satisfy the standard com-
mutation relations of the Lorentz algebra.
[Jˆω, Jˆω′ ] = [xˆ
νωµν ∂ˆµ −
i
2
ωλν θ
νµ∂ˆµ∂ˆλ, xˆ
ν′(ω′)µ
′
ν′ ∂ˆµ′ −
i
2
(ω′)λ
′
ν′θ
ν′µ′ ∂ˆµ′ ∂ˆλ′ ]
= [xˆνωµν ∂ˆµ, xˆ
ν′(ω′)µ
′
ν′ ∂ˆµ′ ] + [−
i
2
ωλν θ
νµ∂ˆµ∂ˆλ, xˆ
ν′(ω′)µ
′
ν′ ∂ˆµ′ ]+
[xˆνωµν ∂ˆµ,−
i
2
(ω′)λ
′
ν′θ
ν′µ′ ∂ˆµ′ ∂ˆλ′ ]. (A.0.1)
Calculating the terms individually, starting with the ﬁrst, we have:
[xˆνωµν ∂ˆµ, xˆ
ν′(ω′)µ
′
ν′ ∂ˆµ′ ] = ω
µ
ν (ω
′)µ
′
ν′ (xˆ
ν′ [xˆν , ∂ˆµ′ ]∂ˆµ + xˆ
ν [∂ˆµ, xˆ
ν′ ]∂ˆµ′ + [xˆ
ν , xˆν
′
]∂ˆµ∂ˆµ′)
= xˆν
(
ωρν(ω
′)µρ − (ω′)ρνωµρ
)
∂ˆµ + iω
µ
ν (ω
′)µ
′
ν′θ
νν′ ∂ˆµ∂ˆµ′ . (A.0.2)
The second term yields:
[− i
2
ωλν θ
νµ∂ˆµ∂ˆλ, xˆ
ν′(ω′)µ
′
ν′ ∂ˆµ′ ] = −
i
2
ωλν (ω
′)µ
′
ν′θ
νµ
(
∂ˆλ[∂ˆµ, xˆ
ν′ ] + [∂ˆλ, xˆ
ν′ ]∂ˆµ
)
∂ˆµ′
= − i
2
ωλν (ω
′)µ
′
ν′θ
νν′ ∂ˆλ∂ˆµ′ − i
2
ωρν(ω
′)µ
′
ρ θ
νλ∂ˆλ∂ˆµ′ . (A.0.3)
From this the third term is easily calculated:
[xˆνωµν ∂ˆµ,−
i
2
(ω′)λ
′
ν′θ
ν′µ′ ∂ˆµ′ ∂ˆλ′ ] =
i
2
(ω′)λνω
µ′
ν′ θ
νν′ ∂ˆλ∂ˆµ′ +
i
2
(ω′)ρνω
µ′
ρ θ
νλ∂ˆλ∂ˆµ′
= − i
2
ωλν (ω
′)µ
′
ν′θ
νν′ ∂ˆλ∂ˆµ′ +
i
2
(ω′)ρνω
µ′
ρ θ
νλ∂ˆλ∂ˆµ′ . (A.0.4)
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Putting these together:
[Jˆω, Jˆω′ ] = xˆ
ν
(
ωρν(ω
′)µρ − (ω′)ρνωµρ
)
∂ˆµ − i
2
(ωρν(ω
′)µ
′
ρ − (ω′)ρνωµ
′
ρ )θ
νλ∂ˆλ∂ˆµ′
= Jˆω×ω′ , (A.0.5)
where ω × ω′ = ωρν(ω′)µρ − (ω′)ρνωµρ .
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Lorentz Generator Acting on the
Modiﬁed Interaction
Jˆω(ψˆ∗ˆφˆ) =
[
xˆνωµν ∂ˆµ −
i
2
ωλν θ
νµ∂ˆµ∂ˆλ
]
(ψˆe−
i
2
θµν
←ˆ−
∂µ
−ˆ→
∂ν φˆ). (B.0.1)
Let us verify this explicitly by starting with the ﬁrst term in (B.0.1):
xˆνωµν ∂ˆµ(ψˆ∗ˆφˆ) = xˆν((ωµν ∂ˆµψˆ)∗ˆ(φˆ) + (ψˆ)∗ˆ(ωµν ∂ˆµφˆ)). (B.0.2)
We use the following notation:
(θµν)n(∂ˆµ)
nψˆ(∂ˆν)
nφˆ = θµ1ν1θµ2ν2 . . . θµnνn ∂ˆµ1 ∂ˆµ2 . . . ∂ˆµnψˆ∂ˆν1 ∂ˆν2 . . . ∂ˆνnφˆ.
(B.0.3)
The following is useful,
xˆρ(ψˆ∗ˆφˆ) = (xˆρψˆ)∗ˆ(φˆ) +
∞∑
n=1
1
(n− 1)!(−
i
2
θµν)n(∂ˆµ)
n−1ψˆ(∂ˆν)nφˆ(−δρµ)
= (xˆρψˆ)∗ˆ(φˆ) + i
2
θρνψˆ∗ˆ(∂ˆνφˆ).
Another way of writing this is:
xˆρ(ψˆ∗ˆφˆ) =
∞∑
n=0
1
n!
(− i
2
θµν)n((∂ˆµ)
nψˆ)xˆρ((∂ˆν)
nφˆ)+
∞∑
n=0
1
n!
(− i
2
θµν)n[xˆρ, (∂ˆµ)
nψˆ]((∂ˆν)
nφˆ)
= (ψˆ)∗ˆ(xˆρφˆ) + i
2
θρν(∂ˆνψˆ)∗ˆφˆ+
∞∑
n=0
1
n!
(− i
2
θµν)n(iθρλ∂λ(∂ˆµ)
nψˆ)((∂ˆν)
nφˆ)
= (ψˆ)∗ˆ(xˆρφˆ) + i
2
θνρ(∂ˆνψˆ)∗ˆφˆ+ iθρλ(∂λψˆ)∗ˆ(φˆ).
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Putting these results into (B.0.2):
xˆνωµν ∂ˆµ(ψˆ∗ˆφˆ) = (xˆνωµν ∂ˆµψˆ)∗ˆ(φˆ) + (ψˆ)∗ˆ(xˆνωµν ∂ˆµφˆ)+
i
2
(ωµν θ
νρ + ωρνθ
νµ)∂µψˆ∗ˆ∂ρφˆ. (B.0.4)
Next consider the second term in (B.0.1):
− i
2
ωλν θ
νµ∂ˆµ∂ˆλ(ψˆ∗ˆφˆ) = − i
2
ωλν θ
νµ∂ˆµ((∂ˆλψˆ)∗ˆφˆ+ ψˆ∗ˆ(∂ˆλφˆ))
= − i
2
ωλν θ
νµ((∂ˆµ∂ˆλψˆ)∗ˆφˆ+ ψˆ∗ˆ(∂ˆµ∂ˆλφˆ) + (∂ˆλψˆ)∗ˆ(∂ˆµφˆ) + (∂ˆµψˆ)∗ˆ(∂ˆλφˆ))
= − i
2
ωλν θ
νµ((∂ˆµ∂ˆλψˆ)∗ˆφˆ+ ψˆ∗ˆ(∂ˆµ∂ˆλφˆ))− i
2
(ωλν θ
νµ + ωµν θ
νλ)(∂ˆµψˆ)∗ˆ(∂ˆλφˆ).
(B.0.5)
Putting together (B.0.4) and (B.0.5):
Jˆω(ψˆ∗ˆφˆ) = (Jˆωψˆ)∗ˆφˆ+ ψˆ∗ˆ(Jˆωφˆ). (B.0.6)
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Appendix C
Properties of the ∗ˆ Product
Here we list some properties of the ∗ˆ product as derived from the Weyl repre-
sentation, for general antisymmetric θ:
φˆ∗ˆψˆ =
∫
d4q
∫
d4kφ(q)ψ(k)eiqρxˆ
ρ
e−
i
2
θµν
←ˆ−
∂µ
−ˆ→
∂νeikγ xˆ
γ
=
∫
d4q
∫
d4kφ(q)ψ(k)eikγ xˆ
γ
e
i
2
θµνqµkνeiqρxˆ
ρ
e−iqρkγθ
ργ
=
∫
d4q
∫
d4kφ(q)ψ(k)eik
γ xˆγe−
i
2
θµνqµkνeiq
ρxˆρ
=
∫
d4q
∫
d4kφ(q)ψ(k)eik
γ xˆγe
i
2
θµνkµqνeiq
ρxˆρ
= ψˆ∗ˆφˆ, (C.0.1)
after applying derivatives and changing the order of exponentials we can see
objects composed through the star product commute. Next we consider the
associativity of the ∗ˆ product:
ψˆ∗ˆ(φˆ∗ˆχˆ) =
∫
d4q
∫
d4k
∫
d4pφ(q)ψ(k)χ(p)·
eiqρxˆ
ρ
e−
i
2
θµν
←ˆ−
∂µ
−ˆ→
∂ν (eikγ xˆ
γ
e−
i
2
θµν
←ˆ−
∂µ
−ˆ→
∂νeipτ xˆ
τ
)
=
∫
d4q
∫
d4k
∫
d4pφ(q)ψ(k)χ(p)eiqρxˆ
ρ
e
i
2
θµνqµ(k+p)νe
i
2
θµνkµpνeikγ xˆ
γ
eipτ xˆ
τ
=
∫
d4q
∫
d4k
∫
d4pφ(q)ψ(k)χ(p)e
i
2
θµνqµkνe
i
2
θµν(k+q)µpνeiqρxˆ
ρ
eikγ xˆ
γ
eipτ xˆ
τ
= (ψˆ∗ˆφˆ)∗ˆχˆ, (C.0.2)
54
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hence ∗ˆ is associative. Next we note:
Tr(ψˆ∗ˆφˆ) = Tr(ψˆe− i2 θµν
←ˆ−
∂µ
−ˆ→
∂ν φˆ)
= Tr(ψˆe
i
2
θµν
−ˆ→
∂µ
−ˆ→
∂ν φˆ)
= Tr(ψˆe0φˆ)
= Tr(ψˆφˆ), (C.0.3)
which implies ∗ˆ doesn't change the inner product. From the following relation:
xˆρ∗ˆxˆρ = xˆρxˆρ − i
2
θρρ
= xˆρxˆρ − i
2
gρµθ
ρµ
= xˆρxˆρ, (C.0.4)
we conclude that the invariant interval s2 doesn't change. Consider a Lorentz
transformation by parameter ω such xˆ→ xˆ′ then:
ψˆ(xˆ′)∗ˆφˆ(xˆ′) = ψˆ(xˆ′)e− i2 θµν
←ˆ−
∂µ
−ˆ→
∂ν φˆ(xˆ′)
= ψˆ(xˆ′)e−
1
2 [(gλµ+ωλµ)xˆµ,(g
ρ
ν+ω
ρ
ν)xˆ
ν]
←ˆ−
∂λ
′−ˆ→
∂ρ
′
φˆ(xˆ′)
= ψˆ(xˆ′)e−
i
2
(θ′)λρ
←ˆ−
∂′λ
−ˆ→
∂′ρφˆ(xˆ′)
= ψˆ(xˆ′)∗ˆ′φˆ(xˆ′), (C.0.5)
i.e. ∗ˆ doesn't change in diﬀerent frames of reference. Finally we note:
(φˆ∗ˆψˆ)† = φˆ†∗ˆψˆ†. (C.0.6)
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Appendix D
Uncertainty for the Constant
Magnetic Field
We can check that these are, indeed, states in the Hilbert space Hq, i.e.
Trc(ψ
†ψ) < ∞, we consider the case φ−,n− in it's ground state, and check
the ﬁrst component, since each component should have ﬁnite Trc. Also since
we have plane-waves in the z,t directions which are strictly not normalizable,
however for z this can be overcome in the same way as commutative physics
with the use of wave-packets, but for simplicity we only consider the x,y di-
rections. Since k1 is the only momentum we drop the 1. We note the property
of x,y eigenvalues 〈x|y〉 = 1√
2piθ12
e
ixy
θ12 and also 2piδ(p− q) = ∫∞−∞ dxeix(p−q).
N0
∫
dx 〈x|
∫
dk′e−ik
′xˆe−α
2(k′)2e−
(ξˆ′)2
2
∫
dy |y〉 〈y|
∫
dke−α
2k2e−
ξˆ2
2 eikxˆ |x〉
= N0
∫
dk′dkdxdye−α
2(k′)2e−α
2k2e−
(ξ′)2
2 e−
ξ2
2 ei(k−k
′)x| 〈x|y〉 |2
= N0
1
θ12
√
pil2B
∫
dke−2α
2k2
= 1 (D.0.1)
Now we can calculate 〈x〉 , 〈x2〉 , 〈y〉 , 〈y2〉 and from this ∆x∆y, in order to
investigate how the lengths scales lB and θ eﬀect the uncertainty and possible
localization of states, we only do this for one component of the spinor in the
56
Stellenbosch University  https://scholar.sun.ac.za
APPENDIX D. UNCERTAINTY FOR THE CONSTANT MAGNETIC FIELD57
ground state:
〈x〉 = N0√
pi
∫
dkdk′dydxe−α
2k2e−α
2(k′)2e−
(ξ′)2
2 〈x|y〉 〈y| xˆe− ξ
2
2 |x〉 ei(k−k′)x
=
N0√
pi
∫
dkdk′dydxe−α
2k2e−α
2(k′)2e−
(ξ′)2
2 〈x|y〉 (iθ12) ∂
∂y
(e−
ξ2
2 〈y|x〉)ei(k−k′)x
=
iN0√
pi
∫
dkdk′dydxe−α
2k2e−
ξ2
2 e−α
2(k′)2e−
(ξ′)2
2 (− 1
l2B
y − i x
θ12
)ei(k−k
′)x
= 0 (D.0.2)
〈x2〉 = N0(θ
12)2√
pi
∫
dkdk′dydxe−α
2k2e−α
2(k′)2e−
(ξ′)2
2 (− 1
l2B
− x
2
(θ12)2
+
y2
l4B
)e−
ξ2
2 ei(k−k
′)x
= α2 +
1
2l2B
(sgn(q)l2B −
θ12
2
)2 +
(θ12)2
2l2B
= α2 +
l2B
2
(sgn(q)− θ
12
2l2B
)2 +
(θ12)2
2l2B
(D.0.3)
〈y〉 =
√
2α2
pi
∫
dkdξe−2α
2k2e−ξ
2
(lBξ − k
(
sgn(q)l2B −
1
2
θ12
)
)
= 0 (D.0.4)
〈y2〉 =
√
2α2
pi
∫
dkdξe−2α
2k2e−ξ
2
(lBξ − k
(
sgn(q)l2B −
1
2
θ12
)
)2
=
l2B
2
+
1
4α2
(
sgn(q)l2B −
1
2
θ12
)2
=
l2B
2
+
l4B
4α2
(
sgn(q)− θ
12
2l2B
)2
(D.0.5)
Now we can compute the uncertainty ∆x∆y which we know by deﬁnition
must be
√
∆x∆y ≥ θ12
2
:
∆x∆y =
(√
(θ12)2
4
+ . . .
)
(D.0.6)
Since . . . is always positive, we can see that the uncertainty relation always
holds as is implied by the ﬁnite trace.
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Appendix E
Boundary Conditions
Starting from (4.1.13) ﬁrst we look at each commutator in the matrices acting
on some state fˆ . We note the following commutator identity: consider an
operator Oˆ such that Oˆfˆ = [Aˆ, fˆ ] then,
[Oˆ, Bˆ]fˆ = [Aˆ, Bˆfˆ ]− Bˆ[Aˆ, fˆ ]
= [Aˆ, Bˆ]fˆ . (E.0.1)
The ﬁrst entry in the commutator matrix acting on a test function fˆ gives:
[∂ˆ0,
∫ L
0
dz
M∑
n=0
|z, n〉 〈z, n|]fˆ =
∫ L
0
dz
M∑
n=0
−i(θ−1)03[zˆ, |z, n〉 〈z, n|]fˆ
= 0. (E.0.2)
The second entry gives:
[ρˆ,
∫ L
0
dz
M∑
n=0
|z, n〉 〈z, n|]fˆ =
∫ L
0
dz
M∑
n=0
√
2
θ21
[bˆ, |z, n〉 〈z, n|]fˆ
=
∫ L
0
dz
√
2
θ21
(
M∑
n=1
√
n |z, n− 1〉 〈z, n| −
M∑
n=0
√
n+ 1 |z, n〉 〈z, n+ 1|)fˆ
= −
∫ L
0
dz
√
2
θ21
(
√
M + 1 |z,M〉 〈z,M + 1|)fˆ . (E.0.3)
To simplify this we consider the conditions on the matrix elements of operators,
when sandwiched between arbitrary states 〈ξ, l| and |ξ′, l′〉 in conﬁguration
58
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space. From (4.1.14):
〈ξ, l| [ρˆ,
∫ L
0
dz
M∑
n=0
|z, n〉 〈z, n|]fˆ |ξ′, l′〉
= −
∫ L
0
dz
√
2(M + 1)
θ21
δlMδ(ξ − z)(〈z,M + 1| fˆ |ξ′, l′〉)
= −Θ(ξ)Θ(L− ξ)
√
2(M + 1)
θ21
δlM(〈ξ,M + 1| fˆ |ξ′, l′〉). (E.0.4)
The third entry gives:
[ρˆ†,
∫ L
0
dz
M∑
n=0
|z, n〉 〈z, n|]fˆ = −
∫ L
0
dz
M∑
n=0
i
√
2
θ21
[bˆ†, |z, n〉 〈z, n|]fˆ
= −
∫ L
0
dz
√
2
θ21
(
M∑
n=0
√
n+ 1 |z, n+ 1〉 〈z, n| −
M∑
n=1
√
n |z, n〉 〈z, n− 1|)fˆ
= −
∫ L
0
dz
√
2
θ21
(
√
M + 1 |z,M + 1〉 〈z,M |)fˆ . (E.0.5)
For the following matrix element we obtain:
〈ξ, l| [ρˆ†,
∫ L
0
dz
M∑
n=0
|z, n〉 〈z, n|]fˆ |ξ′, l′〉
= −
∫ L
0
dz
√
2(M + 1)
θ21
δl(M+1)δ(ξ − z)(〈z,M | fˆ |ξ′, l′〉)
= −Θ(ξ)Θ(L− ξ)
√
2(M + 1)
θ21
δl(M+1)(〈ξ,M | fˆ |ξ′, l′〉). (E.0.6)
Since [tˆ, zˆ] = iθ03 and zˆ |z, n〉 = z |z, n〉 we can write for the action of tˆ on a
state |z, n〉, tˆ |z, n〉 = iθ03 ∂
∂z
as these operators satisfy the canonical commuta-
tion relations, then lastly we have:
[∂ˆ3,
∫ L
0
dz
M∑
n=0
|z, n〉 〈z, n|]fˆ =
∫ L
0
dz
M∑
n=0
−i(θ−1)30[tˆ, |z, n〉 〈z, n|]fˆ
=
∫ L
0
dz
M∑
n=0
−i(θ−1)30(iθ03)((− ∂
∂z
|z, n〉) 〈z, n|+ |z, n〉 ( ∂
∂z
〈z, n|))fˆ
=
∫ L
0
dz
M∑
n=0
(
(
− ∂
∂z
|z, n〉
)
〈z, n|+ |z, n〉
(
∂
∂z
〈z, n|
)
)fˆ . (E.0.7)
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For the following matrix element we have:
〈ξ, l| [∂ˆ3,
∫ L
0
dz
M∑
n=0
|z, n〉 〈z, n|]fˆ |ξ′, l′〉 =
∫ L
0
dz
∂
∂z
(δ(ξ − z) 〈z, l| fˆ |ξ′, l′〉)
= δ(ξ − L) 〈L, l| fˆ |ξ′, l′〉 − δ(ξ) 〈0, l| fˆ |ξ′, l′〉 . (E.0.8)
There are three possibilities, ξ = 0, ξ = L and 0 < ξ < L, when ξ lies
outside [0, L] all the commutators are zero. This gives in total 12 boundary
conditions since there are 4 spinor components and 3 sides of the cylinder. To
avoid divergences in the conditions ξ = 0, ξ = L and to extract the physical
information, integrate ξ around a small interval  and then take the limit
 → 0. For ξ = 0 integrate ∫ 2− 
2
dξ, then the terms involving δ(ξ − L) will
clearly be zero. The terms involving the step functions ξ will be proportional
to  and when  → 0 these will vanish, and the term involving δ(ξ) gives the
matrix elements evaluated at ξ = 0. Similarly for ξ = L only the δ(ξ − L)
survives. For ξ = c, c ∈ (0, L) the δ terms are zero and Θ terms are just the
conditions at c since the step functions give 1 inside the interval. Now setting
φˆ =
(
φˆ(1)
φˆ(2)
)
and χˆ =
(
χˆ(1)
χˆ(2)
)
, the 4 conditions at ξ = 0 are:
〈0, l| χˆ(i)in |ξ′, l′〉 = 〈0, l| χˆ(i)out |ξ′, l′〉 ,
〈0, l| φˆ(i)in |ξ′, l′〉 = 〈0, l| φˆ(i)out |ξ′, l′〉 , (E.0.9)
and the 4 conditions at ξ = L are:
〈L, l| χˆ(i)in |ξ′, l′〉 = 〈L, l| χˆ(i)out |ξ′, l′〉 ,
〈L, l| φˆ(i)in |ξ′, l′〉 = 〈L, l| φˆ(i)out |ξ′, l′〉 . (E.0.10)
Finally the 2 conditions at c = ξ ∈ (0, L) and l = M are:
〈c,M + 1| φˆ(1)in |ξ′, l′〉 = 〈ξ,M + 1| φˆ(1)out |ξ′, l′〉 ,
〈c,M + 1| χˆ(1)in |ξ′, l′〉 = 〈ξ,M + 1| χˆ(1)out |ξ′, l′〉 , (E.0.11)
and the 2 conditions at c = ξ ∈ (0, L) and l = M + 1 are:
〈c,M | φˆ(2)in |ξ′, l′〉 = 〈ξ,M | φˆ(2)out |ξ′, l′〉 ,
〈c,M | χˆ(2)in |ξ′, l′〉 = 〈ξ,M | χˆ(2)out |ξ′, l′〉 . (E.0.12)
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Symbols of Derivatives
In addition to the derivative operators deﬁned in chapter four (4.1.12) we
deﬁne two new ones:
τˆ = ∂ˆ0 + i∂ˆ3, τˆ
† = ∂ˆ0 − i∂ˆ3. (F.0.1)
The action of these operators is given by, recalling (4.1.14):
ρˆψˆ =
√
2
θ12
[bˆ, ψˆ], ρˆ†ψˆ = −
√
2
θ12
[bˆ†, ψˆ], τˆ ψˆ =
√
2
θ03
[aˆ, ψˆ], τˆ †ψˆ = −
√
2
θ03
[aˆ†, ψˆ].
(F.0.2)
To calculate 〈z, w| /ˆDψˆ |z, w〉 we ﬁrst calculate the action of ∂ˆµ. To do this
we ﬁrst consider the operator τˆ :
τψ(z, w, z∗, w∗) =
√
2
θ03
〈0, 0| e−|z|2e−|w|2ez∗aˆew∗bˆ(aˆψˆ − ψˆaˆ)ewbˆ†ezaˆ† |0, 0〉
=
√
2
θ03
〈z, w| aˆψˆ |w, z〉 − z 〈z, w| ψˆ |w, z〉
=
√
2
θ03
∂
∂z∗
〈z, w| ψˆ |w, z〉 . (F.0.3)
Similarly for τˆ †, ρˆ, ρˆ†:
τ †ψ(z, w, z∗, w∗) = −
√
2
θ12
∂
∂z
〈z, w| ψˆ |w, z〉 ,
ρψ(z, w, z∗, w∗) =
√
2
θ03
∂
∂w∗
〈z, w| ψˆ |w, z〉 ,
ρ†ψ(z, w, z∗, w∗) = −
√
2
θ03
∂
∂w
〈z, w| ψˆ |w, z〉 . (F.0.4)
Using these results it can easily be veriﬁed that:
∂ˆ0 → ∂
∂x0
, ∂ˆ1 → ∂
∂x1
, ∂ˆ2 → ∂
∂x2
, ∂ˆ3 → ∂
∂x3
, (F.0.5)
and thus we can write /∂ψ(z, w, z∗, w∗) ≡ 〈z, w| /ˆ∂ψˆ |z, w〉 the operator deriva-
tive just becomes the usual derivative in the coherent state basis.
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